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Preface 

This book is an outgrowth of a course which we have given almost pe- 
riodically over the last eight years. It is addressed to beginning graduate 
students of mathematics, engineering, and the physical sciences. Thus, we 
have attempted to present it while presupposing a minimal background: the 
reader is assumed to have some prior acquaintance with the concepts of "lin- 
ear" and "continuous" and also to believe is complete. An undergraduate 
mathematics training through Lebesgue integration is an ideal background 
but we dare not assume it without turning away many of our best students. 
The formal prerequisite consists of a good advanced calculus course and a 
motivation to study partial differential equations. 

A problem is called well-posed if for each set of data there exists exactly 
one solution and this dependence of the solution on the data is continuous. 
To make this precise we must indicate the space from which the solution 
is obtained, the space from which the data may come, and the correspond- 
ing notion of continuity. Our goal in this book is to show that various 
types of problems are well-posed. These include boundary value problems 
for (stationary) elliptic partial differential equations and initial-boundary 
value problems for (time-dependent) equations of parabolic, hyperbolic, and 
pseudo-parabolic types. Also, we consider some nonlinear elliptic boundary 
value problems, variational or uni-lateral problems, and some methods of 
numerical approximation of solutions. 

We briefly describe the contents of the various chapters. Chapter I 
presents all the elementary Hilbert space theory that is needed for the book. 
The first half of Chapter I is presented in a rather brief fashion and is in- 
tended both as a review for some readers and as a study guide for others. 
Non-standard items to note here are the spaces C™'(G'), V* , and V'. The 
first consists of restrictions to the closure of G of functions on M"' and the 
last two consist of conjugate-linear functionals. 

Chapter II is an introduction to distributions and Sobolev spaces. The 
latter are the Hilbert spaces in which we shall show various problems are 
well-posed. We use a primitive (and non-standard) notion of distribution 
which is adequate for our purposes. Our distributions are conjugate-linear 
and have the pedagogical advantage of being independent of any discussion 
of topological vector space theory. 

Chapter III is an exposition of the theory of linear elliptic boundary 
value problems in variational form. (The meaning of "variational form" is 
explained in Chapter VII.) We present an abstract Green's theorem which 
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permits the separation of the abstract problem into a partial differential 
equation on the region and a condition on the boundary. This approach has 
the pedagogical advantage of making optional the discussion of regularity 
theorems. (We construct an operator d which is an extension of the normal 
derivative on the boundary, whereas the normal derivative makes sense only 
for appropriately regular functions.) 

Chapter IV is an exposition of the generation theory of linear semigroups 
of contractions and its applications to solve initial-boundary value problems 
for partial differential equations. Chapters V and VI provide the immediate 
extensions to cover evolution equations of second order and of implicit type. 
In addition to the classical heat and wave equations with standard bound- 
ary conditions, the applications in these chapters include a multitude of 
non-standard problems such as equations of pseudo-parabolic, Sobolev, vis- 
coelasticity, degenerate or mixed type; boundary conditions of periodic or 
non-local type or with time-derivatives; and certain interface or even global 
constraints on solutions. We hope this variety of applications may arouse 
the interests even of experts. 

Chapter VII begins with some reflections on Chapter III and develops 
into an elementary alternative treatment of certain elliptic boundary value 
problems by the classical Dirichlet principle. Then we briefly discuss certain 
unilateral boundary value problems, optimal control problems, and numer- 
ical approximation methods. This chapter can be read immediately after 
Chapter III and it serves as a natural place to begin work on nonlinear 
problems. 

There are a variety of ways this book can be used as a text. In a year 
course for a well-prepared class, one may complete the entire book and sup- 
plement it with some related topics from nonlinear functional analysis. In a 
semester course for a class with varied backgrounds, one may cover Chap- 
ters I, II, III, and VII. Similarly, with that same class one could cover in 
one semester the first four chapters. In any abbreviated treatment one could 
omit 1.6, II.4, II. 5, III.6, the last three sections of IV, V, and VI, and VII. 4. 
We have included over 40 examples in the exposition and there are about 
200 exercises. The exercises are placed at the ends of the chapters and each 
is numbered so as to indicate the section for which it is appropriate. 

Some suggestions for further study are arranged by chapter and precede 
the Bibliography. If the reader develops the interest to pursue some topic in 
one of these references, then this book will have served its purpose. 

R. E. Showalter; Austin, Texas, January, 1977. 
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Chapter I 

Elements of Hilbert Space 



1 Linear Algebra 

We begin with some notation. A function F with domain dom(i^') = A 
and range Rg(-F) a subset of B is denoted hy F : A ^ B. That a point 
X e A is mapped by F to a point F{x) E B is indicated by x h-)- F{x). If 
5 is a subset of A then the image of 5 by F is F{S) = {F{x) : x € S}. 
Thus Rg(F) = F{A). The pre-image or inverse image of a set T C .B is 
F~^{T) = {x £ A : F{x) G T}. A function is called injective if it is one-to- 
one, surjective if it is onto, and bijective if it is both injective and surjective. 
Then it is called, respectively, an injection, surjection, or bijection. 

K will denote the field of scalars for our vector spaces and is always one 
of M (real number system) or C (complex numbers). The choice in most 
situations will be clear from the context or immaterial, so we usually avoid 
mention of it. 

The "strong inclusion" K CC G between subsets of Euclidean space 
means K is compact, G is open, and K <Z G. li A and B are sets, 
their Cartesian product is given by ^4 x S = {[a, 6] : a £ A, 6 G B}. If 
A and B are subsets of K" (or any other vector space) their set sum is 
A + B = {a + b:ae A, b e B}. 

1.1 

A linear space over the field K is a non-empty set V of vectors with a binary 
operation addition + : V xV ^ V and a scalar multiplication ■ : KxV ^ V 
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such that {V, +) is an Abehan group, i.e., 

{x + y) + z = x + {y + z) , 
there is a zero d(^V:x + 6 = x , 
if X € V, there is — x G F : x + (—a;) 
x + y = y + x , 

and we have 

(Q; + /3)-a; = Q:-a; + /3-a; , a ■ {x + y) = a ■ x + a ■ y , 

a ■ {(3 ■ x) = {af3) ■ x , 1 ■ x = x , x,y & V , a, P € K . 

We shall suppress the symbol for scalar multiplication since there is no need 
for it. 

Examples, (a) The set K" of ra-tuples of scalars is a linear space over K . 
Addition and scalar multiplication are defined coordinatewise: 

(Xi, X2, . . . , Xn) + (yi, 2/2, • • • , Vn) = {xi + yi,X2 + 2/2, • • • , a;„ + 2/n) 

a(xi, X2, . . . , Xn) = (axi, ax2, . . . , ax„) . 

(b) The set of functions f : X ^ K is a linear space, where X is a 
non-empty set, and we define {fi + f2){x) = fi{x) + f2ix), (a/)(x) = af{x), 

xeX. 

(c) Let G C M" be open. The above pointwise definitions of linear operations 
give a linear space structure on the set C (G, K) of continuous / : G — >■ K. 
We normally shorten this to C{G). 

(d) For each n-tuple a = (ai, a2, • • • , q;„) of non-negative integers, we denote 
by the partial derivative 

dxl^dx'^^ ■■■dxt 

of order \a\ = ai + a2 + ■ ■ ■ + an- The sets C"^(G) = {/ G C{G) : D'^f € 
G{G) for ah a, \a\ < m}, m > 0, and C°°G = r[m>i C""(G) are linear 
spaces with the operations defined above. We let be the identity, where 
e = {0,0,..., 0), so C«(G) = G{G). 

(e) For / G C{G), the support of / is the closure in G of the set {x G 
G : /(x) 7^ 0} and we denote it by supp(/). Cq{G) is the subset of those 
functions in C{G) with compact support. Similarly, we define Gq^{G) = 
C™(G) n Co(G), m > 1 and G^{G) = G^{G) n Cq{G). 



x,y,z €V , 

X eV , 

= 9 , and 

x,y G y , 
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(f) If / : A — > S and C C A, we denote f\c the restriction of / to C. We 
obtain useful linear spaces of functions on the closure G as follows: 

C'^iG) = {/b ■■ f e Co-(M")} , C°°{G) = {f\a : / g Co~(M")} . 
These spaces play a central role in our work below. 

1.2 

A subset M of the linear space F is a subspace of F if it is closed under the 
linear operations. That is, x + y E M whenever x,y e M and ax E M for 
each a G K and x e M. We denote that M is a subspace ofVhyM<V. 
It follows that M is then (and only then) a linear space with addition and 
scalar multiplication inherited from V. 

Examples. We have three chains of subspaces given by 

C^{G) < C''{G) < , 
C^{G) < C\d) , and 
{9} < Ci{G) < cf{G) , < A; < i < oo . 

Moreover, for each k as above, we can identify tp G Cq{G) with that $ G 
C^{G) obtained by defining $ to be equal to (/p on G and zero on dG, the 
boundary of G. Likewise we can identify each $ G C^{G) with $|g G C^{G). 
These identifications are "compatible" and we have Cq{G) < C^{G) < 
C^{G). 

1.3 

We let M be a subspace of V and construct a corresponding quotient space. 
For each a; G F, define a coset x = {y^V:y — x^ M} = {a; + m : m G M}. 
The seiV/M = {x : X & V} is the quotient set. Any y G £ is a representative 
of the coset x and we clearly have y G £ if and only if x G y if and only if 
X = y. We shall define addition of cosets by adding a corresponding pair of 
representatives and similarly define scalar multiplication. It is necessary to 
first verify that this definition is unambiguous. 

Lemma If xi,X2 G x, yi,y2 G y, and a £ K, then {xi + yi) = {x2 + 2/2) 
and (axi) = (0x2). 
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The proof follows easily, since M is closed under addition^ and scalar multipli- 
cation, and we can define x + y = {x + y) and ax = (ax) . These operations 
make V/M a linear space. 

Examples, (a) Let F = and M = {(0,^2) : X2 € M}. Then V/M is 
the set of parallel translates of the a;2-axis, M, and addition of two cosets is 
easily obtained by adding their (unique) representatives on the xi-axis. 

(b) Take V = C{G). Let G G and M = {v? G C{G) : ip{xo) = 0}. Write 
each ip & V in the form ip{x) = {<f{x) — ^{xq)) + ip{xo). This representation 
can be used to show that V/M is essentially equivalent (isomorphic) to K. 

(c) Let V = C{G) and M = Co{G). We can describe V/M as a space of 
"boundary values." To do this, begin by noting that for each K CC G there 
is a ^ Co{G) with i/j = 1 on K. (Cf. Section ILl.l.) Then write a given 
(f ^ C (G) in the form 

ip = (iptp) + 93(1 - ijj) , 

where the first term belongs to M and the second equals in a neighborhood 
ofdG. 

1.4 

Let V and W be linear spaces over K. A function T iV is linear if 

T{ax + (3y) = aT{x) + j3T{y) , a, /3 € IK , x, y G F . 

That is, linear functions are those which preserve the linear operations. An 
isomorphism is a linear bijection. The set {x ^ V : Tx = 0} is called the 
kernel of the (not necessarily linear) function T : V ^ W and we denote it 
by K{T). 

Lemma IfT:V^Wis linear, then K{T) is a subspace of V, Rg(T') is 
a subspace of W , and K{T) = {6} if and only if T is an injection. 

Examples, (a) Let M be a subspace of V. The identity iu '■ M ^ V is a 
linear injection x x and its range is M. 

(b) The quotient map qm '■ V — > V/M, x x, is a linear surjection with 

kernel K{qM) = M. 

(c) Let G be the open interval (a, 6) in M and consider D = d/dx: V —?■ C{G), 
where V is a subspace of C^{G). If = C^{G), then D is a linear surjection 
with K{D) consisting of constant functions on G. If F = {(^ G C^{G) : 
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(p{a) = 0}, then D is an isomorphism. Finally, ii V = {(p E C^{G) : <p{a) = 
^(b) = 0}, then Rg{D) = {(^ € C(G) : = 0}. 

Our next result shows how each linear function can be factored into the 
product of a linear injection and an appropriate quotient map. 

Theorem 1.1 Let T : V —?■ W be linear and M be a subspace of K{T). 
Then there is exactly one function T : V/M ^ W for which T o qm = T, 
and T is linear with Rg(T') = Rg(r). Finally, T is injective if and only if 
M = K{T). 

Proof: If xi, € a;, then xi — X2 € M C -fr(T), so r(a;i) = T(x2). Thus we 
can define a function as desired by the formula T{x) = T{x). The uniqueness 
and linearity of T follow since qm is surjective and linear. The equality of 
the ranges follows, since qM is surjective, and the last statement follows from 
the observation that K{T) C M if and only ii v & V and T{x) = imply 

x = d. 

An immediate corollary is that each linear function T : V —?■ W can be 
factored into a product of a surjection, an isomorphism, and an injection: 

T = iRg(T) °T oqK{T)- 

A function T -.V is called conjugate linear if 

T{ax + (5y) = aT{x) + (3T{y) , a, /3 G K , x, y G F . 

Results similar to those above hold for such functions. 

1.5 

Let V and W be linear spaces over K and consider the set Liy, W) of linear 
functions from V toW. The set of all functions from F to is a linear 
space under the pointwise definitions of addition and scalar multiplication 
(cf. Example 1.1(b)), and Lly^W) is a subspace. 

We define V* to be the linear space of all conjugate linear functionals 
from F — )• K. V* is called the algebraic dual of V . Note that there is 
a bijection / / of >C(V,K) onto F*, where / is the functional defined 
by f{x) = f{x) for X gV and is called the conjugate of the functional 
/ : F — > K. Such spaces provide a useful means of constructing large linear 
spaces containing a given class of functions. We illustrate this technique in 
a simple situation. 
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Example. Let G be open in M" and xq € G. We shall imbed the space 
G{G) in the algebraic dual of Co{G). For each / G C{G), define Tf G Cq{G)* 

by 

Tfiif) = [ f^, <fe Co(G) . 

Since /(^ € Co{G), the Riemann integral is adequate here. An easy exercise 
shows that the function f ^ Tf : C{G) Co{G)* is a linear injection, so we 
may thus identify C{G) with a subspace of Go{G)*. This linear injection is 
not surjective; we can exhibit functionals on Co(G) which are not identified 
with functions in C{G). In particular, the Dirac functional defined by 

Sxoiv) = fixo) , (p eCo{G) , 

cannot be obtained as Tj for any / € C{G). That is, Tf = 5xq implies that 
f{x) =0 for all a; G G, X 7^ xo, and thus / = 0, a contradiction. 

2 Convergence and Continuity 

The absolute value function on M and modulus function on C are denoted 
by I • I, and each gives a notion of length or distance in the corresponding 
space and permits the discussion of convergence of sequences in that space 
or continuity of functions on that space. We shall extend these concepts to 
a general linear space. 

2.1 

A seminorm on the linear space F is a function p : V ^ for which 
p{ax) = \a\p{x) and p{x + y) < p{x) +p{y) for all a G K and x,y € V. The 
pair V,p is called a seminormed space. 

Lemma 2.1 IfV,p is a seminormed space, then 

(a) \p{x) - p{y)\ < p{x - y) , x,yeV, 

(b) p{x) > , X € V , and 

(c) the kernel K{p) is a subspace of V. 

(d) IfTe L{W, V), then poT :W is a seminorm on W. 
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(e) // pj is a seminorm on V and aj > 0, 1 < j < n, then Z^^=i ctjPj is a 
seminorm on V. 

Proof: We havep(x) = p{x—y+y) < p{x—y)+p{y) so p{x)—p{y) < p{x—y). 
Similarly, p{y) — p{x) < p{y — x) = p{x — y), so the result follows. Setting 
y = in (a) and noting p{0) = 0, we obtain (b). The result (c) follows 
directly from the definitions, and (d) and (e) are straightforward exercises. 

If p is a seminorm with the property that p{x) > for each x ^ 9, we 
call it a norm. 

Examples, (a) For 1 < A; < n we define seminorms on K" by pk^x) = 
Ej=i \xj\, qk{x) = (Ej=i kjP)^/^, and rfe(x) = max{|xj| : 1 < j < A;}. Each 
of Pn, Qn and r„ is a norm. 

(b) If J C X and / € K^, we define pj{f) = sup{|/(x)| : x e J}. Then 
for each finite J C X , pj is a. seminorm on K^. 

(c) For each K CC G, px is a seminorm on C{G). Also, pQ = pa is a 
norm on C{G). 

(d) For each j, < j < k, and K CG G we can define a seminorm on 
C^{G) by Pj,K{f) = sup{|D"/(a;)| : x e K, \a\ < j}. Each such pj^o is a 
norm on C^{G). 

2.2 

Seminorms permit a discussion of convergence. We say the sequence {xn} 
in V converges to a; G F if lim„^ooP(a^n — x) = 0; that is, if {p{xn — x)} is 
a sequence in R converging to 0. Formally, this means that for every e > 
there is an integer N >0 such that — a;) < e for all n > N. We denote 
this by a;„ — )• a; in V, p and suppress the mention of p when it is clear what 
is meant. 

Let S C V. The closure of S in V,p is the set S = {x V : Xn ^ x in 
V,p for some sequence in S}, and S is called closed if S = S. The 

closure 5 of 5 is the smallest closed set containing S : S C S, S = S, and if 
S (ZK = K then S CK. 

Lemma Let V,p be a seminormed space and M be a subspace ofV. Then 
M is a subspace of V. 

Proof: Let x,y G M. Then there are sequences Xn,yn G M such that 
Xn ^ X and yn ^ y in V, p. But p{{x+y)-{xn+yn)) < p{x-Xn)+p{y-yn) ^ 
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which shows that (x„ + y„) — > x + y. Since Xn + Vn G M, all n, this implies 
that x+y G M. Similarly, for a G K we have p{ax — axn) = \a\p{x—Xn) 0, 
so ax G M. 

2.3 

Let V, p and W^, q be seminormed spaces and T : V ^ W (not necessarily 
linear). Then T is called continuous at x eV if for every e > there is a 
5 > for which y and p{x — y) < S implies q{T{x) — T{y)) < e. T is 
continuous if it is continuous at every x & V. 

Theorem 2.2 T is continuous at x if and only if Xn ^ x in V,p implies 
Txn Tx in W, q. 

Proof: Let T be continuous at x and e > 0. Choose 5 > as in the defini- 
tion above and then N such that n > N implies p{xn — x) < 5, where x„ — t- x 
in V,p is given. Then n > N implies q{Txn — Tx) < e, so Tx„ — > Tx in W, q. 

Conversely, if T is not continuous at x, then there is an e > such that for 
every n > 1 there is an Xn & V with — x) < 1/n and q{Txn — Tx) > e. 
That is, x„ — )■ X in F,^? but {Txn} does not converge to Tx in VF, q. 

We record the facts that our algebraic operations and seminorm are al- 
ways continuous. 

Lemma IfV,p is a seminormed space, the functions {a,x) i— t- ax : KxV ^ 
V , {x,y) X + y : V y< V ^ V , and p : F — )■ M are all continuous. 

Proof: The estimate p(ax — ocnXn) < |a — Q:„|p(x) -|- |q!„|p(x — x„) implies 
the continuity of scalar multiplication. Continuity of addition follows from 
an estimate in the preceding Lemma, and continuity of p follows from the 
Lemma of 2.1. 

Suppose p and q are seminorms on the linear space V . We say p is 
stronger than q (or q is weaker than p) if for any sequence {x„} in V , 
p{xn) implies q{xn) — > 0. 

Theorem 2.3 The following are equivalent: 
(a) p is stronger than q, 
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(b) the identity I : V,p V,q is continuous, and 



(c) there is a constant K >Q such that 



q{x) < Kp{x) 



x&V . 



Proof: By Theorem 2.2, (a) is equivalent to having the identity I -.V^p ^ V,q 
continuous at 0, so (b) imphes (a). If (c) holds, then q{x — y) < Kp{x — y), 
x,y eV, so (b) is true. 

We claim now that (a) implies (c). If (c) is false, then for every in- 
teger n > 1 there is an Xn &V for which q{xn) > np{xn)- Setting y„ = 
{l/q(xn))xn, n > 1, we have obtained a sequence for which q{yn) = 1 and 
PiUn) 0) thereby contradicting (a). 

Theorem 2.4 Let V,p and W,q be seminormed spaces and T G L{V,W). 
The following are equivalent: 

(a) T is continuous at 6 eV , 

(b) T is continuous, and 

(c) there is a constant K > such that 



Proof: By Theorem 2.3, each of these is equivalent to requiring that the 
seminorm p be stronger than the seminorm qoTonV. 



If V,p and W.q are seminormed spaces, we denote by C{V,W) the set of 
continuous linear functions from V to W. This is a subspace of L{V, W) 
whose elements are frequently called the bounded operators from 1/ to 
(because of Theorem 2.4). 

Let T ejC{V, W) and consider 



q{T{x)) < Kp{x) , 



xeV . 



2.4 



A = sup{g(T(x)) :xeV , p{x) < 1} , 

fx = mi{K > : g(T(x)) < Kp{x) for all xeV} . 
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If K belongs to the set defining ^, tlien for every x ^ V : p{x) < 1 we 
have q{T{x)) < K, hence X < K. This holds for all such K, so X < ji. If 
X with p{x) > 0, then y = {l/p{x))x satisfies p{y) = 1, so q{T{y)) < X. 
That is q{T{x)) < Xp{x) whenever p{x) > 0. But by Theorem 2.4(c) this 
last inequality is trivially satisfied when p{x) = 0, so we have < X. These 
remarks prove the first part of the following result; the remaining parts are 
straightforward . 

Theorem 2.5 Let V,p and W,q be seminormed spaces. For each T G 
jC{V, W) we define a real number by \T\p^g = sup{g(r(a;)) : x eV, p{x) < 1}. 
Then we have \T\p^q = sup{q(T{x)) : x E V, p{x) = 1} = inf{i^ > : 
q(T{x)) < Kp{x) for all x € V} and \ ■ \p^q is a seminorm on C{V, W). Fur- 
thermore, q{T{x)) < \T\p^q • p{x), X € V, and \ ■ \p^q is a norm whenever q is 
a norm. 

Definitions. The dual of the seminormed space V,p is the linear space 
V' = {f & V* : f is continuous} with the norm 



If V,p and W,q are seminormed spaces, then T € C{V,W) is called a con- 
traction if \T\p^q < 1, and T is called an isometry if \T\p^q = 1. 



A sequence in a seminormed space V,pis called Cauchy i(\imm,n^oo Pi^r 
— Xn) = 0, that is, if for every e > there is an integer N such that 
Pi-i^m — -i^n) < e for all m,n > N. Every convergent sequence is Cauchy. 
We call V,p complete if every Cauchy sequence is convergent. A complete 
normed linear space is a Banach space. 

Examples. Each of the seminormed spaces of Examples 2.1(a-d) is com- 
plete. 

(e) Let G = (0,1) C and consider C{G) with the norm p{x) = 
/q \x{t) \ dt. Let < c < 1 and for each n with < c—l/n define Xn G C{G) 



\\f\\v'=snp{\f{x)\:x€V , p{x) < 1} . 



3 Completeness 



3.1 



by 




1 , c<t<l 
n{t — c) + l, c — 1/n < t < c 
0, 0<t<c-l/n 
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For m > n we have p{xm — Xn) < 1/n, so {xm} is Cauchy. If x G C{G), then 



This shows that if {xn} converges to x then = for < t < c and 
a;(t) = 1 for c < t < 1, a contradiction. Hence C{G), p is not complete. 



We consider the problem of extending a given function to a larger domain. 

Lemma Let T : D W be given, where D is a subset of the seminormed 
space V, p and W,q is a normed linear space. There is at most one continuous 
f:D^Wfor which f\D = T. 

Proof: Suppose Ti and T2 are continuous functions from D to W which 

agree with T on D. Let x G D. Then there are Xn & D with ^ a: in 
V,p. Continuity of Ti and T2 shows TiXn Tix and T2Xn —?■ T2X. But 
TiXn = T2Xn for all n, so Tix = T2X by the uniqueness of limits in the 
normed space W, q. 

Theorem 3.1 Let T G C{D, W), where D is a subspace of the seminormed 
space V,p and W,q is a Banach space. Then there exists a unique T G 
C{D,W) such that TId = T, and \T\p^q = \T\p^q. 

Proof: Uniqueness follows from the preceding lemma. Let x € D. If 
Xn & D and x„ — x in V,p, then is Cauchy and the estimate 



shows {T{xn)} is Cauchy in W,q, hence, convergent to some y G W. If 
x'n € D and x'^ x in V,p, then Tx'^ — )• y, so wc can define T : D ^ W hy 
T{x) = y. The linearity of T on D and the continuity of addition and scalar 
multiplication imply that T is linear. Finally, the continuity of seminorms 
and the estimates 




3.2 



q{T{Xm) - T{Xn)) < Kp{Xm - Xn) 



q{T{Xn)) < \T\p,qp{Xn) 



show T is continuous on IT 



= \T 
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3.3 

A completion of the seminormed space V,p is a complete seminormed space 
W, q and a linear injection T : V ^ W for which Rg(T) is dense in W and T 
preserves seminorms: q{T{x)) = p{x) for all x G V. By identifying V,p with 
Rg(r), q, we may visualize V as being dense and contained in a correspond- 
ing space that is complete. The completion of a normed space is a Banach 
space and linear injection as above. If two Banach spaces are completions 
of a given normed space, then we can use Theorem 3.1 to construct a lin- 
ear norm-preserving bijection between them, so the completion of a normed 
space is essentially unique. 

We first construct a completion of a given seminormed space V,p. Let 
W be the set of all Cauchy sequences in V,p. From the estimate \p{xn) — 
p{xm)\ < p{xn — Xm) it follows that p{{xn}) = limn->oo p(a^n) defines a 
function p : W ^ R and it easily follows that p is a seminorm on W. For 
each X £V, let Tx = {x,x,x, . . .}, the indicated constant sequence. Then 
T : V,p ^ W,p is a linear seminorm-preserving injection. If {xn} € W, 
then for any e > there is an integer N such that p{xn — x^) < e/2 for 
n> N, and we have p{{xn} — T{xn)) < e/2 < e. Thus, Rg(r) is dense in 
W. Finally, we verify that W,p is complete. Let {xn} be a Cauchy sequence 
in W,p and for each n > 1 pick Xn (zV with p{xn — T{xn)) < 1/n. Define 
xq = {xi,X2,X2, . . .}. From the estimate 

p{Xm - Xn) = piTXm - TXn) <\/m + p(Xm - Xn) + l/n 

it follows that € VT, and from 

p{Xn - Xq) < p{Xn - TXn) + PiTXn - Xq) < l/n+ lim - Xm) 

m— >-oo 

we deduce that x„ — > xq in W,p. Thus, we have proved the following. 
Theorem 3.2 Every seminormed space has a completion. 

3.4 

In order to obtain from a normed space a corresponding normed completion, 
we shall identify those elements of W which have the same limit by factoring 
W by the kernel of p. Before describing this quotient space, we consider 
quotients in a seminormed space. 
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Theorem 3.3 Let V,p be a seminormed space, M a subspace of V and 
define 

p{x) = inf{p(y) : y € x} , x G V/M . 

(a) V/M,p is a seminormed space and the quotient map q : V ^ V/M has 

(j),p)-seminorm = 1. 

(b) If D is dense in V, then D = {x : x E D} is dense in V/M . 

(c) p is a norm if and only if M is closed. 

(d) IfV,p is complete, then V/M,p is complete. 

Proof: We leave (a) and (b) as exercises. Part (c) follows from the obser- 
vation that p{x) = if and only if a; € M. 

To prove (d), we recall that a Cauchy sequence converges if it has a 
convergent subsequence so we need only consider a sequence {£„} in V/M 
for which p{xn+i — Xn) < 1/2", n > 1. For each n > 1 we pick y„ G x„ with 
PiUn+i — Vn) < 1/2". For m > n we obtain 

m—l—n oo 

v{ym-yn)< E P(yn+i+fc - yn+fe) < E 2"^"^''^ = 2'~" • 

fe=0 fe=0 

Thus {y„} is Cauchy in V,p and part (a) shows x„ — x in F/M, where x is 
the limit of {yn} in V^P- 

Given F,p and the completion W,p constructed for Theorem 3.2, we 

consider the quotient space W/K and its corresponding seminorm p, where 
K is the kernel of p. The continuity of p : — > M implies that K is closed, 
so p is a norm on W/K. W,p is complete, so W/K, j5 is a Banach space. 
The quotient map q :W ^ W/K satisfies p{q{x)) = p{x) = p{y) for all 
y G q{x), so q preserves the seminorms. Since Rg(T') is dense in W it follows 
that the linear map qoT -.V ^ W/K has a dense range in W/K. We have 
p{{qoT)x) = p{Tx) = p{x) for x gV, hence K{qoT) < K(p). If p is a norm 
this shows that gr o T is injective and proves the following. 

Theorem 3.4 Every normed space has a completion. 
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3.5 

We briefly consider the vector space J0,{V, W). 

Theorem 3.5 IfV,p is a seminormed space and W,q is a Banach space, 
then C{V, W) is a Banach space. In particular, the dual V' of a seminormed 
space is complete. 

Proof: Let {T^} be a Cauchy sequence in jC{V,W). For each x the 
estimate 

q{TmX-TnX) < \Tm-Tn\pix) 

shows that {Tnx} is Cauchy, hence convergent to a unique T{x) G W. This 
defines T '.V ^ W and the continuity of addition and scalar multiphcation 
in W wiU imply that T £ L{V,W). We have 

q{Tn{x)) < \Tn\p{x) , xeV , 

and {iTnl} is Cauchy, hence, bounded in M, so the continuity of q shows that 
T e jC(V,W) with |r| < i^: = sup{|r„| : n > l}. 

To show T„ — r in C{V,W), let e > and choose N so large that 
m,n> N implies \Tm — Tn\ < e. Hence, for m,n > N, we have 

q{Tm{x) - r„(x)) < ep{x) , xeV . 

Letting m — oo shows that for n > AT we have 

q{Tix) - Tnix)) < ep{x) , x eV , 

so |r — r„| < e. 

4 Hilbert Space 
4.1 

A scalar product on the vector space y is a function 1/ x y — > K whose value 
at X, y is denoted by (x, y) and which satisfies (a) x i— )• (x, y) : ^ — ?> K is 
linear for every y ^V, (b) (x, y) = (y, x), x, v G F, and (c) (x,x) > for 
each X 7^ 0. Prom (a) and (b) it follows that for each x G F, the function 
y {x,y) is conjugate-linear, i.e., (x, ay) = a(x,y). The pair V,(-,-) is 
called a scalar product space. 
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Theorem 4.1 IfV, (•, •) is a scalar product space, then 

(a) < ■ (y,y) , x,yeV, 

(b) ||a;|| = (x, a;)-*^/^ defines a norm \\ • || onV for which 



X + yf + \\x - yf = 2{\\xf + \\yf) , 



x,y &V , and 



(c) the scalar product is continuous from V x V to K. 



Proof: Part (a) follows from the computation 



<{ax + I5y, ax + I3y) = (3{j3{y, y) 




for the scalars a = — (x, y) and j3 = (x, x). To prove (b), we use (a) to verify 



The remaining norm axioms are easy and the indicated identity is easily 
verified. Part (c) follows from the estimate 



applied to a pair of sequences, a;„ — > x and y„ — > y in V, || ■ ||. 

A Hilbert space is a scalar product space for which the corresponding 
normed space is complete. 

Examples, (a) Let V = with vectors x = {xi,X2, . . . ,xn) and define 
iXjyj. Then V,{-,-) is a Hilbert space (with the norm — 

{J2jLi l^^iP)"^^^) which we refer to as Euclidean space, 
(b) We define Co{G) a scalar product by 



where G is open in M" and the Riemann integral is used. This scalar product 
space is not complete. 

(c) On the space L'^{G) of (equivalence classes of) Lebesgue square- 
summable K-valued functions we define the scalar product as in (b) but 
with the Lebesgue integral. This gives a Hilbert space in which Cq{G) is a 
dense subspace. 



x + yf < \\xf + 2\{x,y)\ + \\yf < (||x|| + ||y||)' . 



\{x,y) - {Xn,yn)\ < \\x\\ \\y - yn\\ + llynll \\x - X, 



n 
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Suppose V,{-,-) is a scalar product space and let B,\\ ■ \\ denote the 
completion of V, || • ||. For each y gV, the function x i-^ {x,y) is linear, 
hence has a unique extension to B, thereby extending the definition of {x, y) 
to B xV. It is easy to verify that for each x £ B, the function y {x,y) is 
in V' and we can similarly extend it to define {x,y) on B x B. By checking 
that (the extended) function (•, •) is a scalar product on S, we have proved 
the following result. 

Theorem 4.2 Every scalar product space has a (unique) completion which 
is a Hilbert space and whose scalar product is the extension by continuity of 
the given scalar product. 

Example. L^{G) is the completion of Cq{G) with the scalar product given 
above. 

4.2 

The scalar product gives us a notion of angles between vectors. (In partic- 
ular, recall the formula {x,y) = \\x\\ ||y||cos(^) in Example (a) above.) We 
call the vectors x,y orthogonal if (x, y) = 0. For a given subset M of the 
scalar product space V, we define the orthogonal complement of M to be 
the set 

= {x eV : {x,y) = {) for all y e M] . 

Lemma M-*- is a closed subspace ofV and M fl M"*- = {0}. 

Proof: For each y G M, the set {x G F : (x,y) = 0} is a closed subspace 
and so then is the intersection of all these for y G M. The only vector 
orthogonal to itself is the zero vector, so the second statement follows. 

A set K in the vector space V is convex if for x, y G and < a < 1, 
we have ax + (1 — a)y G K. That is, if a pair of vectors is in ii', then so also 
is the line segment joining them. 

Theorem 4.3 A non-empty closed convex subset K of the Hilbert space H 
has an element of minimal norm. 

Proof: Setting d = inf{||a;|| : x G iC}, we can find a sequence Xn & K 
for which — >■ d. Since K is convex we have (l/2)(x„ + Xm) G K for 
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m,n > 1, hence \\xn + x^W'^ > 4d^. From Theorem 4.1(b) we obtain the 
estimate — x^lP < + ||a;m|P) — The right side of this 

inequahty converges to 0, so is Cauchy, hence, convergent to some 

X € H. K is closed, so x E K, and the continuity of the norm shows that 
= hm„ ||a;„|| = d. 

We note that the element with minimal norm is unique, for if y E K with 
||y|| = d, then (1/2) (x + y) € K and Theorem 4.1(b) give us, respectively, 
Ad'^ < \\x + y|p = 40?^ - \\x - That is, \\x - y\\ = 0. 

Theorem 4.4 Let M be a closed subspace of the Hilbert space H. Then for 
every x E: H we have x = m + n, where m E M and n G M-*- are uniquely 
determined by x. 

Proof: The uniqueness follows easily, since if x = mi + ni with mi G M, 
ni € M^, then mi — m = n — ni €Mn M"*- = {9}. To establish the 
existence of such a pair, define K = {x + y : y € M} and use Theorem 4.3 
to find n e K with ||n|| = inf{||a; + y|| : y E M}. Then set m = a; — n. It 
is clear that m E M and we need only to verify that n G M"*". Let y G M. 
For each a G K, we have n — ay £ K, hence \\n — ay\\'^ > ||n|p. Setting 
a = P{n,y), P > 0, gives us |(n, y)p(/?||y|p — 2) > 0, and this can hold for 
all /3 > only if (n, y) = 0. 

4.3 

From Theorem 4.4 it follows that for each closed subspace M of a Hilbert 
space H we can define a function Pm : H ^ M hy Pm : x = m + n i-^ m, 
where m e M and n G M-*- as above. The linearity of Pm is immediate and 
the computation 

\\PMxf < WPuxf + \\nf = \\Pmx + nf = \\xf 

shows Pm G jC{H, H) with ||Pm|| < 1- Also, Pmx = x exactly when x G M, 
so Pm o Pm = Pm- The operator Pm is called the projection on M. 

If P G C{B, B) satisfies P o P = P, then P is called a projection on the 
Banach space B. The result of Theorem 4.4 is a guarantee of a rich supply 
of projections in a Hilbert space. 
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4.4 

We recall that the (continuous) dual of a seminormed space is a Banach 
space. We shall show there is a natural correspondence between a Hilbert 
space H and its dual H'. Consider for each fixed x (z H the function fx 
defined by the scalar product: fx{y) = {x,y), y G H. It is easy to check 
that fx G H' and = ||x||. Furthermore, the map x ^ fx ■ H ^ H' \s 

linear: 

fx+z — fx ~\~ f z 1 X, z E. H , 

fax = afx , a eK , X e H . 

Finally, the function x fx H ^ H' is a norm preserving and linear 
injection. The above also holds in any scalar product space, but for Hilbert 
spaces this function is also surjective. This follows from the next result. 

Theorem 4.5 Let H be a Hilbert space and f G H' . Then there is an 
element x E H ( and only one ) for which 

f{y) = {x,y) , yeH. 



Proof: We need only verify the existence oi x E H. If / = we take x = 9, 
so assume f ^ m. H' . Then the kernel oi f , K = {x <E H : f{x) = 0} is a 
closed subspace of H with ^ {9}. Let n G be chosen with ||n|[ = 1. 
For each z G it follows that f{n)z — f{z)n & K r\ = {9}, so 2: is a 
scalar multiple of n. (That is, K-^ is one-dimensional.) Thus, each y e H is 
of the form y = PK{y) + An where (y,n) = A(n,n) = A. But we also have 
f{y) = A/(n), since Pftr(y) G K, and thus f{y) = {f{n)n,y) for all yeH. 

The function x ^ fx from H to H' will occur frequently in our later 

discussions and it is called the Riesz map and is denoted by Rh- Note that 
it depends on the scalar product as well as the space. In particular, Rh is 
an isometry of H onto H' defined by 



RH{x){y) = {x, y)H , x,y e H 
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5 Dual Operators; Identifications 
5.1 

Suppose V and W are linear spaces and T G L{V,W). Then we define the 
dual operator T' G L{W* ,V*) by 

r'(/) = /oT, /GT^*. 

Theorem 5.1 If V is a linear space, W,q is a seminorm space, and T G 
L{y,W) has dense range, then T' is infective on W. IfV,p and W,q are 
seminorm spaces and T G C{V, W), then the restriction of the dual T' to W 
belongs to C{W' , V') and it satisfies 

\\T'\\c{W',V') < \T\p,q ■ 

Proof: The first part follows from Section 3.2. The second is obtained from 
the estimate 

\T'f{x)\ < \\f\\w'\T\p^,p{x) , f(iW',xeV. 

We give two basic examples. Let F be a subspace of the seminorm space 
W, q and let i : V ^ W he the identity. Then i'{f) = / o i is the restriction 
of / to the subspace V; i' is injective on W' if (and only if) V is dense in 
W. In such cases we may actually identify i'{W') with W', and we denote 
this identification by W' < V*. 

Consider the quotient map q : W ^ W/V where V and W, q are given 
as above. It is clear that if 5 G (W/V)* and / = q'{g), i.e., f = g o q, then 
f eW* andV < K{f). Conversely, iif eW* and V < K{f), then Theorem 
1.1 shows there is a G (W^/y)* for which q'{g) = f ■ These remarks show 
that Rg(g') = {f <eW* -.V < K{f)}. Finally, we note by Theorem 3.3 that 
\q\q,q = 1, so it follows that g G (VF, V)' if and only if q'{g) G W . 

5.2 

Let V and W be Hilbert spaces and T G C{V^ W). We define the adjoint of 
T as follows: if n G W, then the functional v ^ {u,Tv)w belongs to V', so 
Theorem 4.5 shows that there is a unique T*u such that 



{T*u,v)v = {u,Tv)w , 



ueW , V eV 
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Theorem 5.2 // V and W are Hilbert spaces and T € C{V, W), then T* G 
C{W,V), Rg(r)^ = K{T*) and Rg{T*)-^ = K{T). If T is an isomorphism 
with T-^ G jC-{W,V), then T* is an isomorphism and (r*)-^ = (T"^)*. 

We leave the proof as an exercise and proceed to show that dual opera- 
tors are essentially equivalent to the corresponding adjoint. Let V and W be 
Hilbert spaces and denote by Ry and Rw the corresponding Riesz maps (Sec- 
tion 4.4) onto their respective dual spaces. Let T e C{V, W) and consider its 
dual T' e C{W', V) and its adjoint T* G C{W, V). For « G and v G 1/ we 
have Rv oT*{u){v) = {T*u,v)v = {u,Tv)w = Rw{u)(Tv) = {T' o Ry^u){v). 
This shows that RyoT* = T' oR^^ so the Riesz maps permit us to study ei- 
ther the dual or the adjoint and deduce information on both. As an example 
of this we have the following. 

Corollary 5.3 // V and W are Hilbert spaces, and T G C{y,W), then 
Rg(r) is dense in W if and only if T' is injective, and T is injective if and 
only i/Rg(T') is dense in V . If T is an isomorphism with T~^ G C{W,V), 
then T' G C{W', V) is an isomorphism with continuous inverse. 



It is extremely useful to make certain identifications between various lin- 
ear spaces and we shall discuss a number of examples which will appear 
frequently in the following. 

First, consider the linear space Co{G) and the Hilbert space L'^{G). Ele- 
ments of Co{G) are functions while elements of L'^{G) are equivalence classes 
of functions. Since each / G Co(G) is square-summable on G, it belongs to 
exactly one such equivalence class, say i{f) G L'^{G). This defines a lin- 
ear injection i : Co{G) L'^{G) whose range is dense in L'^{G). The dual 
i' : L^{Gy — > Co{G)* is then a linear injection which is just restriction to 



The Riesz map R of L'^{G) (with the usual scalar product) onto I?'{G)' 
is defined as in Section 4.4. Finally, we have a linear injection T : Cq{G) 
Cq{G)* given in Section 1.5 by 



5.3 



Co(G'). 
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Both R and T are possible identifications of (equivalence classes of) functions 
with conjugate- linear functionals. Moreover we have the important identity 



This shows that all four injections may be used simultaneously to identify 
the various pairs as subspaces. That is, we identify 



and thereby reduce each of i,R,i' and T to the identity function from a 

subspace to the whole space. Moreover, once we identify Co{G) < L?{G), 
L'^iG)' < Go{G)*, and Co(G) < Go{G)*, by means of and T, respec- 
tively, then it follows that the identification of Lp'{G) with Lp'iG)' through 
the Riesz map R is possible (i.e., compatible with the three preceding) only 
if the R corresponds to the standard scalar product on L? (G) . For example, 
suppose R is defined through the (equivalent) scalar-product 



where a(-) G L°°{G) and a{x) > c > 0, x e G. Then, with the three 
identifications above, R corresponds to multiplication by the function a(-). 
Other examples will be given later. 



We shall find the concept of a sesquilinear form is as important to us as that 
of a linear operator. The theory of sesquilinear forms is analogous to that 
of linear operators and we discuss it briefly. 

Let y be a linear space over the field K. A sesquilinear form on is a K- 
valued function a(-, •) on the product V x V such that x a{x,y) is linear 
for every y G V and y i-^ a{x, y) is conjugate linear for every x € V. Thus, 
each sesquilinear form a(-,-) on V corresponds to a unique A € L{V,V*) 
given by 



T = i' oRoi . 



Co{G) < L\G) = L\Gy < Co(G)* 





5.4 



a{x,y) = Ax{y) 



x,yeV. 



(5.1) 



Conversely, if ^ G C{V, V*) is given, then Equation (5.1) defines a sesquilin- 
ear form on V. 
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Theorem 5.4 Let V,p be a normed linear space and a(-, •) a sesquilinear 

form on V. The following are equivalent: 

(a) a(-,-) is continuous at (9,6), 

(b) a(-, ■) is continuous onVxV, 

(c) there is a constant K >0 such that 

\a{x,y)\ < Kp{x)p{y) , x,yeV , (5.2) 

(d) AeC{V,V'). 

Proof: It is clear that (c) and (d) are equivalent, (c) implies (b), and (b) 
implies (a). We shall show that (a) implies (c). The continuity of a{-,-) at 
{0, 6) implies that there is a 5 > such that p{x) < 5 and p{y) < 5 imply 
|a(a^5y)| < 1- Thus, if x and y we obtain Equation (5.2) with 
K=l/S^. 

When we consider real spaces (i.e., K = M) there is no distinction between 
linear and conjugate-linear functions. Then a sesquilinear form is linear in 
both variables and we call it bilinear. 

6 Uniform Boundedness; Weak Compactness 

A sequence {a;„} in the Hilbert space H is called weakly convergent to x E H 
if lim„_>oo(a^n) ^)_H' = ix,v)H for every v ^ H. The weak limit x is clearly 
unique. Similarly, is weakly bounded if \{xn,v)H\ is bounded for every 
veH. 

Our first result is a simple form of the principle of uniform boundedness. 
Theorem 6.1 A sequence {a;„} is weakly bounded if and only if it is bounded. 

Proof: Let {xn} be weakly bounded. We first show that on some sphere, 
s{x, r) = {y £ H : ||y — a;|| < r}, is uniformly bounded: there is a > 
with \{xn, 2/)i7 1 < K for all y G s{x, r). Suppose not. Then there is an integer 
Hi and yi G s(0, 1): |(x„j,yi)j^| > 1. Since y i-^ ixni,y)H is continuous, 
there is an ri < 1 such that \{xni,y)H\ > 1 for y € s{yi,ri). Similarly, 
there is an integer n2 > ni and s (1/2 1^2) C s{yi,ri) such that r2 < 1/2 
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and \{xn2,y)H\ > 2 for y G s{y2,r2). We inductively define s{yj,rj) C 
s{yj-i,rj-i) with rj < 1/j and > j for y G s{yj,rj). Since 

||ym ~yn|| < l/?^if?7^ > n and H is complete, {yn} converges to some 
y e H. But then y e s{yj,rj), hence |(x„^.,y)ff| > i for all j > 1, a 
contradiction. 

Thus {xn} is uniformly bounded on some sphere s{y, r) : |(aj„, y+rz)H\ < 
K for all 2; with ||2;|| < 1. If \\z\\ < 1, then 

\{xn,z)H\ = {l/r)\xn,y + rz)H - {xn,y)H\ < '^K/r , 

so ll^nll < 2K/r for all n. 

We next show that bounded sequences have weakly convergent subse- 
quences. 

Lemma If {xn} is bounded in H and D is a dense subset of H, then 
Ymin^^{xn,v)H = {x,v)h for all V E D (if and) only if converges 
weakly to x. 

Proof: Let e > and v e H. There is a z e D with \\v — 2;|| < e and we 
obtain 

\{Xn-X,v)H\ < \iXn,V - z)H\ + \{z,Xn- x)h\ + \{x,V - z)h\ 

< e\\xn\\ + \iz, Xn - x)h\ + • 

Hence, for all n sufficiently large (depending on z), we have — x,v)h\ < 
2esup{||x^|| : m > 1}. Since e > is arbitrary, the result follows. 

Theorem 6.2 Let the Hilbert space H have a countable dense subset D = 
{yn}- If {xn} is a bounded sequence in H, then it has a weakly convergent 
subsequence. 

Proof: Since {(a^ruyi)//} is bounded in K, there is a subsequence {a;i,n} 
of {xn\ such that {{xi^n-,yi)H} converges. Similarly, for each j > 2 there 
is a subsequence {xj^n} of {xj-i^n} such that {{xj^n,yk)H} converges in K 
for 1 < A; < j. It follows that {xn,n} is a subsequence of {x„} for which 
{{xn,n,yk)H} converges for every k > 1. 

Prom the preceding remarks, it suffices to show that if {{xn,y)H} con- 
verges in K for every y G D, then {x^} has a weak limit. So, we define 
f(y) = lim.n^(x>{xn,y)H, y £ where {D) is the subspace of all linear 
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combinations of elements of D. Clearly / is linear; / is continuous, since 
{xn} is bounded, and has by Theorem 3.1 a unique extension / € H'. But 
then there is by Theorem 4.5 an x e H such that f{y) = {x,y)H, y & H. 
The Lemma above shows that x is the weak limit of 

Any seminormed space which has a countable and dense subset is called 
separable. Theorem 6.2 states that any bounded set in a separable Hilbert 
space is relatively sequentially weakly compact. This result holds in any 
reflexive Banach space, but all the function spaces which we shall consider 
are separable Hilbert spaces, so Theorem 6.2 will suffice for our needs. 

7 Expansion in Eigenfunctions 
7.1 

We consider the Fourier series of a vector in the scalar product space H with 
respect to a given set of orthogonal vectors. The sequence {vj} of vectors in 
H is called orthogonal if {vi,Vj)H = for each pair i,j with i ^ j. Let {vj} 
be such a sequence of non-zero vectors and let u ^ H. For each j we define 
the Fourier coefficient of u with respect to vj by cj = {u, Vj)H / {vj,Vj)H- For 
each n > 1 it follows that X^"=i CjVj is the projection of u on the subspace 
M„ spanned by {^1,^2, • • • j^n}- This follows from Theorem 4.4 by noting 
that u — Y^^=i CjVj is orthogonal to each Vi, 1 < j < n, hence belongs to M^. 
We call the sequence of vectors orthonormal if they are orthogonal and if 
{vj,Vj)H = 1 for each j > 1. 

Theorem 7.1 Let {vj} be an orthonormal sequence in the scalar product 
space H and let u G H. The Fourier coefficients of u are given by Cj = 
{u,Vj)H and satisfy 

00 

E|c,P<|rf. (7.1) 

Also we have u = CjVj if and only if equality holds in (7.1). 

Proof: Let Un = Sj=i Cj^j) 't- > 1- Then u — Un -i- Un so we obtain 

= \\u — + , n > 1 . (7.2) 

But ||m„||2 = I \cj\ follows since the set {vi, . . . ,Vn} is orthonormal, so 
we obtain Yl]=i l^jP < ll'^^lP foi' hence (7.1) holds. It follows from (7.2) 

that lim„_^oo II'" ~ '"nil ~ if and only if equality holds in (7.1). 
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The inequality (7.1) is Bessel's inequality and the corresponding equahty 
is called Parseval's equation. The series J^'j^i '^j'^^j above is the Fourier series 
of u with respect to the orthonormal sequence {vj}. 

Theorem 7.2 Let {vj} be an orthonormal sequence in the scalar product 
space H. Then every element of H equals the sum of its Fourier series if 
and only if {vj} is a basis for H, that is, its linear span is dense in H. 

Proof: Suppose {vj} is a basis and let u H be given. For any e > 0, there 
is an n > 1 for which the linear span M of the set {vi,V2, ■ ■ ■ , Vn} contains an 
element which approximates u within £. That is, inf{||it — w\\ : w E M} < e. 
If Un is given as in the proof of Theorem 7.1, then we have u — G M-*-. 
Hence, for any u; G M we have 

\\u — UnlP = {u — Un, U — w)h < \\u — UnW \W ~ '^W i 

since Un — w & M. Taking the infimum over all w G M then gives 

\\u - Un\\ < inf{||u -w\\ -.we M} < e . (7.3) 
Thus, lim„_^oo Un = u. The converse is clear. 

7.2 

Let T G C{H). A non-zero vector v H is called an eigenvector of T if 
T{v) = Xv for some A G K. The number A is the eigenvalue of T corre- 
sponding to V. We shall show that certain operators possess a rich supply 
of eigenvectors. These eigenvectors form an orthonormal sequence to which 
we can apply the preceding Fourier series expansion techniques. 

An operator T G C{H) is called self-adjoint if {Tu,v)h = {u,Tv)h for 
all u,v & H. A self-adjoint T is called non-negative if {Tu,u)h > for all 
ueH. 

Lemma 7.3 If T ^ ^{H) is non-negative self- adjoint, then \\Tu\\ < 
\\T\\y^{Tu,u)]i'^,ueH. 

Proof: The sesquilinear form [u, v] = {Tu, v)h satisfies the first two scalar- 
product axioms and this is sufficient to obtain 



|[it,f]p < , u,v e H 



(7.4) 
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(If either factor on the right side is strictly positive, this follows from the 
proof of Theorem 4.1. Otherwise, < [u + tv,u + tv] = 2t[u, v] for all t GR, 
hence, both sides of (7.4) are zero.) The desired result follows by setting 
V = T{u) in (7.4). 

The operators we shall consider are the compact operators. If F, W are 
seminormed spaces, then T € >C(y, W) is called compact if for any bounded 
sequence {un} in V its image {Tun} has a subsequence which converges in 
W. The essential fact we need is the following. 

Lemma 7.4 If T G ^{H) is self-adjoint and compact, then there exists a 
vector V with \\v\\ = 1 and T{v) = fiv, where = ||T||£(^) > 0. 

Proof: If A is defined to be it follows from Theorem 2.5 that 

there is a sequence m„ in H with \\un\\ = 1 and lim^^oo ll^'^nll = ^- Then 
((A^ — T'^)un,Un)H = A^ — ||T«„|p converges to zero. The operator A^ — 
is non-negative self-adjoint so Lemma 7.3 implies {(A^ — r^)w„} converges to 
zero. Since T is compact we may replace {u„} by an appropriate subsequence 
for which {Tun} converges to some vector w G H. Since T is continuous 
there follows lim„_j.oo(A^n^) = lim„_>.oo T'^Un = Tw, so w = lim„_^oo Tun = 
\-^T'^{w). Note that \\w\\ = A and T'^{w) = X'^w. Thus, either {X + T)w ^ 
and we can choose v = {\ + T)'w/\\{X + T)w\\, or (A -|- T)w = 0, and we can 
then choose i; = Either way, the desired result follows. 

Theorem 7.5 Let H be a scalar product space and let T G £-{H) be self- 
adjoint and compact. Then there is an orthonormal sequence {vj} of eigen- 
vectors of T for which the corresponding sequence of eigenvalues con- 
verges to zero and the eigenvectors are a basis for Rg(r). 

Proof: By Lemma 7.4 it follows that there is a vector vi with ||ui || = 1 and 
T{vi) = Xivi with |Ai| = ||T||£(jj). Set Hi = {vi}-^ and note T{Hi} C Hi. 

Thus, the restriction T\hi is self-adjoint and compact so Lemma 7.4 implies 
the existence of an eigenvector f 2 of T of unit length in Hi with eigenvalue 
A2 satisfying IA2I = < |Ai|. Set H2 = {^^l,^'2}"'" and continue this 

procedure to obtain an orthonormal sequence {vj} in H and sequence {Xj} 
in K such that T{vj) = Xjvj and lAj+il < [Aj| for j > 1. 

Suppose the sequence {Xj} is eventually zero; let n be the first integer 
for which A^ = 0. Then Hn-i C K{T), since T{vj) = for j > n. Also we 
see Vj € Rg(T) for j < n, so Rg(r)-'- C {^1,^2, • • • , Vn-i}'^ = Hn-i and from 
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Theorem 5.2 follows K{T) = Rg(T)^ C Hn-i- Therefore K{T) = H^-i and 
Rg(r) equals the linear span of {^1,^2, • • • , Vn-\}- 

Consider hereafter the case where each \j is different from zero. We 
claim that limj^oo(Aj) = 0. Otherwise, since |Aj| is decreasing we would 
have all |Aj| > e for some e > 0. But then 

\\T{vi) - T{vj)f = \\\iVi - XjVjf = WXiVif + WXjVjf > 2£2 

for all i ^ j, so {T{vj)} has no convergent subsequence, a contradiction. We 
shall show {vj} is a basis for Rg(r). Let w G Rg(T') and Y^hjVj the Fourier 
series of w. Then there is a u G with T{u) = w and we let ^ CjVj be the 
Fourier series of u. The coefficients are related by 

bj = {w,Vj)H = {Tu,Vj)H = {u,TVj)H = XjCj , 

so there follows T{cjVj) = bjvj, hence, 

'w-J^bjVj =T iu-Y^ CjVj , n>l . (7.5) 
j=i \ j=i J 

Since T is bounded by |A„+i| on Hn, and since \\u — jyj=iCjVj\\ < \\u\\ by 
(7.2), we obtain from (7.5) the estimate 



< |A„+i| • 11^11 , n > 1 . (7.6) 



Since limj_>oo -^j = Oj we have w = ^j^j as desired. 

Exercises 

1.1. Explain what "compatible" means in the Examples of Section 1.2. 

1.2. Prove the Lemmas of Sections 1.3 and 1.4. 

1.3. In Example (1.3.b), show V/M is isomorphic to K. 

1.4. Let V = C{G) and M = {99 G C{G) : <f\dG = 0}. Show V/M is 

isomorphic to {'f\dG '■ £ C'(G)}, the space of "boundary values" of 
functions in V . 
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1.5. In Example (1.3.c), show cpi = (p2 if and only if ipi equals <f2 on a 

neighborhood of dG. Find a space of functions isomorphic to V/M. 

1.6. In Example (1.4.c), find K{D) and Rg{D) when V = {ip e C^{G) : 

(p{a) = (p{b)}. 

1.7. Verify the last sentence in the Example of Section 1.5. 

1.8. Let Ma<V for each a e A; show n{Ma -.aeAjKV. 

2.1. Prove parts (d) and (e) of Lemma 2.1. 

2.2. If Vi,pi and V2,P2 are seminormed spaces, showp(x) = Pi{xi) + P2{x2) 

is a seminorm on the product Vi x ¥2- 

2.3. Let V,p he 8l seminormed space. Show limits are unique if and only if 

p is a norm. 

2.4. Verify all Examples in Section 2.1. 

2.5. Show HaeASa = ^aeASa- Verify S = smallest closed set containing S. 

2.6. Show T :V,p ^W,q is continuous if and only if S closed in W, q implies 

T{S) closed in V,p. If T G L{V, W), then T continuous if and only if 
K{T) is closed. 

2.7. The composition of continuous functions is continuous; T G jO,{V,W), 

S e £{U,V) ^ T o S e £iU,W) and |ToS| < |r| \S\. 

2.8. Finish proof of Theorem 2.5. 

2.9. Show V is isomorphic to £(V, K); they are equal only if K = M. 

3.1. Show that a closed subspace of a seminormed space is complete. 

3.2. Show that a complete subspace of a normed space is closed. 

3.3. Show that a Cauchy sequence is convergent if and only if it has a con- 

vergent subsequence. 



7. EXPANSION IN EIGENFUNCTIONS 



29 



3.4. Let V,p be a seminormed space and W,q a Banach space. Let the 

sequence G 'C(y, W) be given uniformly bounded: |r^|p,q < for all 
n> 1. Suppose that D is a dense subset of V and {T„(a;)} converges in 
for each x ^ D. Then show {Tn{x)} converges in W for each x eV 
and T{x) = limr„(x) defines T G JC,{V,W). Show that completeness 
of W is necessary above. 

3.5. Let V,p and W,q be as given above. Show jC{V,W) is isomorphic to 

£{V/ Ker {p),W). 

3.6. Prove the remark in Section 3.3 on uniqueness of a completion. 

4.1. Show that the norms p2 and r2 of Section 2.1 are not obtained from 

scalar products. 

4.2. Let M be a subspace of the scalar product space V{-,-). Then the 

following are equivalent: M is dense in V, M-*- = {9}, and ||/||y' = 
sup{|(/,u)y| : V e M} for every / G V. 

4.3. Showlimxn = xinV, (•, ■) if and only if lim ||a;„|| = ||a;|| andlim/(x„) = 

f{x) for all / e v. 

4.4. If y is a scalar product space, show V is a Hilbert space. Show that 

the Riesz map of V into V is surjective only if V is complete. 

5.1. Prove Theorem 5.2. 

5.2. Prove Corollary 5.3. 

5.3. Verify T = i' oRoiin Section 5.3. 

5.4. In the situation of Theorem 5.2, prove the following are equivalent: 

Rg(T) is closed, Rg(r*) is closed, Rg(r) = K{T*)^, and Rg(r*) = 
K(T)^. 

7.1. Let G = (0,1) and H = L'^{G). Show that the sequence Vn{x) = 

2sin(n7ra;), n > 1 is orthonormal in H. 

7.2. In Theorem 7.1, show that {un} is a Cauchy sequence. 

7.3. Show that the eigenvalues of a non-negative self-adjoint operator are all 

non-negative. 
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7.4. In the situation of Theorem 7.5, show K(T) is the orthogonal comple- 
ment of the linear span of {^1,^2, V3, ■ ■ ■}■ 



Chapter II 

Distributions and Sobolev 
Spaces 

1 Distributions 
1.1 



We shall begin with some elementary results concerning the approximation 
of functions by very smooth functions. For each e > 0, let (f^ G Cq°(M"') be 
given with the properties 



(Pe>Q , supp((/?£) C {x G M" : |x| < e} , (pe = 1 . 



Such functions are called mollifiers and can be constructed, for example, by 
taking an appropriate multiple of 



Let / G L^{G), where G is open in M", and suppose that the support of / 
satisfies supp(/) CC G. Then the distance from supp(/) to dG is a positive 
number 5. We extend / as zero on the complement of G and denote the 
extension in L^{M.^) also by /. Define for each £ > the mollified function 



Lemma 1.1 For each e > 0, supp(/£) C supp(/) + {y : \y\ < e} and 





in 



(1.1) 



/, G C~(M"). 
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Proof: The second result follows from Leibnitz' rule and the representation 

Mx) = / f{s)ipe{x - S)ds . 



The first follows from the observation that feix) / only if a; € supp(/)+ 
{y : \y\ < e}. Since supp(/) is closed and {y : \y\ < e} is compact, it follows 
that the indicated set sum is closed and, hence, contains supp(/£). 

Lemma 1.2 If f e Cq{G), then fe ^ f uniformly on G. If f E LP{G), 
1 < p < oo, then \\fe\\LP{G) < ll/l|Lf(G) and fe^fin U'{G). 

Proof: The first result follows from the estimate 



and the uniform continuity of / on its support. For the case p = 1 we obtain 



by Fubini's theorem, since / |/(x — y)\dx = J \ f\ for each y G R"' and this 
gives the desired estimate. If p = 2 we have for each i/j G Co{G) 



by computations similar to the above, and the result follows since Co(G) 
is dense in L'^(G). (We shall not use the result for p 7^ 1 or 2, but the 
corresponding result is proved as above but using the Holder inequality in 
place of Cauchy-Schwarz.) 

Finally we verify the claim of convergence in L^{G). If r/ > we have a 
g G Co{G) with ||/ — qWlp < r]/3. The above shows Wf^ — geWip < ??/3 and 
we obtain 

Wfe - fWlP < Wfe - 9e\\LP + WOe - 9\\lp + \\9 - 
< 277/3+ \\ge -g\\LP ■ 

For e sufficiently small, the support oi g^ — g is bounded (uniformly) and 
ge ^ g uniformly, so the last term converges to zero as e 0. 
The preceding results imply the following. 




< sup{|/(a; - y) - /(a;)| : x G supp(/) , \y\ < e} 





< / \\f\\L^G)ML^G)^eiy)dy =\\f\\L2(G)\\'>P\\L2{G) 
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Theorem 1.3 C^{G) is dense in LP{G). 

Theorem 1.4 For every K CC G there is a ip E Cq^{G) such that < 
(p{x) < 1, X E G, and (p{x) = 1 for all x in some neighborhood of K. 

Proof: Let 6 be the distance from K to dG and 0<£<s + £'<d. Let 
/(x) = 1 if dist(a;, K) < e' and f{x) = otherwise. Then has its support 
within {x : dist(a;, K) < e + e'} and it equals 1 on {x : dist(x, K) < e' — e}, 
so the result follows if e < e'. 



A distribution on G is defined to be a conjugate-linear functional on Cq°{G). 
That is, Cq°{G)* is the linear space of distributions on G, and we also denote 



it hyV*{G). 

Example. The space Ll^^i^) = r\{L^{K) : K CC G} of locally integrable 
functions on G can be identified with a subspace of distributions on G as 
in the Example of LL5. That is, / G Ll^^{G) is assigned the distribution 
Tf G C^{Gy defined by 



where the Lebesgue integral (over the support of ip) is used. Theorem 1.3 
shows that T : L^^^{G) — )■ Cq^{G)* is an injection. In particular, the (equiv- 
alence classes of) functions in either of L^{G) or L^{G) will be identified 
with a subspace of V* (G) . 



We shall define the derivative of a distribution in such a way that it agrees 
with the usual notion of derivative on those distributions which arise from 
continuously differentiable functions. That is, we want to define 3" : V*{G) 



1.2 





(1.2) 



1.3 



V*{G) so that 



d^{Tf)=TDcf 



a\ < m 



f&G 



(G). 



But a computation with integration-by-parts gives 
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and this identity suggests the following. 

Definition. The a*'* partial derivative of the distribution T is the distribu- 
tion defined by 

d^'Tiif) = (-l)l'*lr(L>°^) , ip e C^{G) . (1.3) 

Since Z)" G L(C^(G), C^(G)), it follows that d'^T is linear. Every distri- 
bution has derivatives of all orders and so also then docs every function, e.g., 
in Lj^^(G), when it is identified as a distribution. Furthermore, by the very 
definition of the derivative 9" it is clear that and D" are compatible with 
the identification of C°°(G) in V*{G). 

1.4 

We give some examples of distributions on M. Since we do not distinguish 
the function / G Lj^j,(M) from the functional Tf, we have the identity 

/oo 
f{xMx)dx, ipeC^iR). 
-oo 

(a) If / G C\R), then 

df{<p) = -f{D<p) = - j f{D^) = I {Df)Cp = Df{<p) , (1.4) 

where the third equality follows by an integration-by-parts and all others 
are definitions. Thus, df = Df, which is no surprise since the definition of 
derivative of distributions was rigged to make this so. 

(b) Let the ramp and Heaviside functions be given respectively by 

X , X > TT( \ — f ^ ^ X > 

0, a;<0, ^^^~to, x<0. 

Then we have 

/•oo roo 

dr{(p) = - / xDip{x) dx = / H{x)(p{x) dx = H{(p) , (p G C^{G) , 

Jo J-oo 

so we have dr = H, although Dr{0) does not exist. 

(c) The derivative of the non-continuous H is given by 

roo 

dH{^) = - D^ = m = m. ¥'GCo°°(G); 

^0 
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that is, dH = 5, the Dirac functional. Also, it follows directly from the 
definition of derivative that 



d'^Siif) = {-ir{D^ip){Q) , m > 1 . 

(d) Letting A{x) = \x\ and I{x) = x, x G R, we observe that A = 2r — I 
and then from above obtain by linearity 

dA = 2H -\ , d'^A = 25 . (1.5) 

Of course, these could be computed directly from definitions. 

(e) For our final example, let / : M ^ K satisfy f\^- G C°°(— oo, 0], 
G C°°[0, oo), and denote the jump in the various derivatives at by 

UmU) = i^™/(0+) - D^f{Q-) , m > . 
Then we obtain 

df{^) = - / f{Dip) - / f{D^) (1.6) 

roo rO 

= / iDf)^ + f{0+MO)+ iDf)^-f{Q-MO) 

Jo J-oo 

= Df{^) + aoU)m , V^&C^{G) . 

That is, df = Df + (To{f)S, and the derivatives of higher order can be 
computed from this formula, e.g., 

d''f = D^f + ai{f)S + aoif)dS, 

d^f = D^f + a2{f)S + (71 (7)9(5 + ao{f)d''S . 

For example, we have 

d{H ■ sin) = H ■ cos , 
d{H ■ cos) = —H ■ sin +6 , 



so H ■ sin is a solution (generalized) of the ordinary differential equation 

(^2 + l)y = <5 . 
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1.5 

Before discussing further the interplay between d and D we remark that to 
claim a distribution T is "constant" on M, means that there is a number 
c G K such that T = Tc, i.e., T arises from the locally integrable function 
whose value everyivhere is c: 

T{<p) = c[ ^, veC^iR). 
Jr 

Hence a distribution is constant if and only if it depends only on the mean 
value of each (p. This observation is the key to the proof of our next result. 

Theorem 1.5 (a) If S is a distribution on R, then there exists another 
distribution T such that dT = S. 

(b) IfTi and T2 are distributions on K with dTi = dT2, then Ti — T2 is 
constant. 



Proof: First note that dT = S ii and only if 

r(V.') = -Si^P) , ^ G C7o°°(M) . 

This suggests we consider H = {ip' : ip G Co°(]R)}. -ff is a subspace of 
C^{M). Furthermore, if C € C'^(R), it follows that Q & H ii and only if 
/ C = 0. In that case we have ( = '(p', where 




X G K . 



Thus H = {(^ G Cq°{R) : / 1^ = 0} and this equality shows H is the kernel of 
the functional if J f on Cq°(M). (This implies i7 is a hyperplane, but we 
shall prove this directly.) 

Choose (po G Co°(M) with mean value unity: 

/ V'o = 1 ■ 

We shall show Cq°{M) = H QK-cpo, that is, each (p can be written in exactly 
one way as the sum of a C G and a constant multiple of ipo. To check 
the uniqueness of such a sum, let (i + ciipo = C2 + C2</7o with the Ci) C2 £ H. 
Integrating both sides gives ci = C2 and, hence, Ci = ^2- To verify the 
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existence of such a representation, for each (f G Cq°{G) choose c = J cp and 
define C = f — cipo- Then ( £ H follows easily and we are done. 

To finish the proof of (a), it suffices by our remark above to define T on 

H. for then wc can extend it to all of Cq°{M.) by linearity after choosing, e.g., 
Tipo = 0. But ioT ( e H we can define 

r(c) = -s{^) , ^{x) = r c, 

J —oo 

since ip G Co°(K) when C & H. 

Finally, (b) follows by linearity and the observation that dT = if and 
only if T vanishes on H. But then we have 

T{ip) = T{apo + C) = T{ipo)c = T{ipo) j v 

and this says T is the constant T{(po) G K. 

Theorem 1.6 If f : R —?■ R is absolutely continuous, then g = Df defines 
g{x) for almost every x G g' G Lj'Q^(]R), and df = g in P*(R). Conversely, 
if T is a distribution on M with dT G ^^^^^(M), then T{= Tf) = f for some 
absolutely continuous f, and dT = Df. 

Proof: With / and g as indicated, we have f{x) = Jq g + /(O). Then an 
integration by parts shows that 

j f{D^) = - j gip , ¥pGCo°°(K), 

so df = g. (This is a trivial extension of (1.4).) Conversely, let g = dT G 
-^ioc(^) define h{x) = f^ 5, x G K. Then h is absolutely continuous and 
from the above we have dh = g. But d{T — h) = 0, so Theorem 1.5 implies 
that T = h + cfoT some constant c G K, and we have the desired result with 
f{x) = h{x) +c, X G K. 

I. 6 

Finally, we give some examples of distributions on M" and their derivatives, 
(a) If / G C"'{R'^) and \a\ < m, we have 

dViv) = (-1)1-1 / fD'^^ = f Dy-^= iDy){v) , if G Co~(M") . 
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(The first and last equalities follow from definitions, and the middle one is a 
computation.) Thus 9"/ = -D"/ essentially because of our definition of d". 
(b) Let 

, , _ J X1X2 . . .Xn , if all Xj > , 
\ , otherwise. 

Then 

POO POO 

dir{(p) = -r{Di(p) = - ... j (xi . . . Xn)Di(pdxi . . . dxn 

Jo Jo 

POO POO 

= / . . . / X2...Xn ip{x) dxi . . . dXn ■ 

Jo Jo 



Similarly, 



and 



/•oo /-oo 

d-2.dir{(p) = / . . . / x^...Xn (fix) dx , 
Jo Jo 



= / H{x)(p{x) dx = H{ip) , 
where H is the Heaviside function (= functional) 



H{x) 



1 , if all tCj > , 
, otherwise. 



(c) The derivatives of the Heaviside functional will appear as distribu- 
tions given by integrals over subspaces of M". In particular, we have 

/■oo /"OO poo /"OO 

diH{(p) = - ... j Dnp{x)dx= j ... j (p{0,X2,...,Xn)dX2...dXn, 

Jo Jo Jo Jo 

a distribution whose value is determined by the restriction of (p to {0} x M"~^, 

/■oo roo 

8281 H {(f) = ... I (p(0,0,X3,...,Xn)dX3...dXn , 

Jo Jo 

a distribution whose value is determined by the restriction of (p to {0} x 
{0} X R"'"^, and, similarly, 

where 5 is the Dirac functional which evaluates at the origin. 

(d) Let S be an (n — l)-dimensional manifold (cf. Section 2.3) in 
and suppose / € C^{R"' ~ S) with / having at each point of S" a limit from 
each side of S. For each j, 1 < j < n, we denote by <Tj{f) the jump in / at 
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the surface S in the direction of increasing xj. (Note that <7j{f) is then a 
function on S.) Then we have 

difif) = -f{Div) = - I f{x)DMx)dx 

= / {Dif){tp){x)dx + ... ai{f)(p{s)dx2...dxn 
Jr" J J 

where s = s{x2,...,Xn) is the point on S which (locally) projects onto 
{0,X2, . . . , Xn). Recall that a surface integral over 5* is given by 

/ Fds= ( F-sec(ei)dA 

Js J A 

when S projects (injectively) onto a region A in {0} x K"^^ and 9i is the 
angle between the xi-axis and the unit normal v to S. Thus we can write 
the above as 

9i/(¥p) = Z?i/(¥P) + / ai(/)cos(^i)^d5 . 
Js 

However, in this representation it is clear that the integral is independent of 
the direction in which S is crossed, since both o"i(/) and cos(0i) change sign 
when the direction is reversed. We need only to check that (Ti{f) is evalu- 
ated in the same direction as the normal v = (cos(^i), cos (^2), • • • , cos(^n))- 
Finally, our assumption on / shows that <ti(/) = (72 (/) = ■■■ = cr„(/), and 
we denote this common value by cr(/) in the formulas 

d,fi^) = {D,f){^) + f a{f)cos{9j)^dS . 
J s 

These generalize the formula (1.6). 

(e) Suppose G is an open, bounded and connected set in whose bound- 
ary dG is a manifold of dimension n — 1. At each point s G dG there 
is a unit normal vector v = (1^1, 1/2, . . . , i^n) whose components are direction 
cosines, i.e., Vj = cos{9j), where 6j is the angle between v and the 
Suppose / G C°°{G) is given. Extend / to M" by setting f{x) = for x ^ G. 
In Cq°{R"')* we have by Green's second identity (cf. Exercise 1.6) 




if G Co°°(K") , 
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so the indicated distribution differs from the pointwise derivative by the 
functional 

where ^ = V/ • v is the indicated (directional) normal derivative and V/ = 
{dif, 82/, ■■■ , dnf) denotes the gradient of /. Hereafter we shall also let 

n 

denote the Laplace differential operator in T>*{R"'). 

2 Sobolev Spaces 
2.1 

Let G be an open set in R" and m > an integer. Recall that C"*(G') is 
the linear space of restrictions to G of functions in Co*(]R"). On C"^{G) we 
define a scalar product by 

(/, 9)Hr^(G) = E{/. D'^f-D^- l«l < ^] 

and denote the corresponding norm by ll/llifm^g). 

Define H^{G) to be the completion of the linear space C^{G) with the 
norm || • Hij-m^g^. H"^(G) is a Hilbert space which is important for much of 
our following work on boundary value problems. We note that the H^{G) 
norm and L^{G) norm coincide on C{G), and that we have the inclusions 

Co{G) c C{G) c L\G) . 

Since we have identified L'^{G) as the completion of Co(G') it follows that 
we must likewise identify H^{G) with L'^{G). Thus / € H^{G) if and only if 
there is a sequence {fn} in C{G) (or Co(G)) which is Cauchy in the L'^{G) 
norm and — ^ / in that norm. 

Let m > 1 and / G H"^{G). Then there is a sequence {/„} in C"^{G) 
such that fn ^ f in H"^{G), hence {D°'fn} is Cauchy in Lp'{G) for each 
multi- index a of order < m. For each such a, there is a unique € L'^{G) 
such that -D"/n — >■ ga in LP'iG). As indicated above, / is the limit of /„, 
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so, / = 56), = (0, 0, . . . , 0) G R"'. Furthermore, if \a\ < m we have from an 
integration-by-parts 

{D"fn,'p)LHG) = (-l)'"'(/n,i^»L2(G) , ^ ^ (G) ■ 

TaJiing the hmit as n — > oo, we obtain 

{9a,'p)mG) = (-1)'"I(/,£'»L2(G) , ^ e Co°°(G) , 

SO ga = d°^f- That is, each ga G L^{G) is uniquely determined as the a*'* 
partial derivative of / in the sense of distribution on G. These remarks prove 
the following characterization. 

Theorem 2.1 Let G he open in R" and m > 0. Then f G H'^{G) if and 

only if there is a sequence {fn} in C^{G) such that, for each a with \a\ < m, 
the sequence {D°'fn} is L'^{G)-Cauchy and fn^fin L'^{G). In that case 
we have D'^fn -^d'^f in L'^{G). 

Corollary C H''{G) C L'^{G) when m > k > 0, and if f e H'^iG) 

then d°'f G L'^{G) for all a with \a\ < m. 

We shall later find that / G iJ'"(G) if 5"/ G L'^{G) for all a with |a| < m 
(cf. Section 5.1). 



2.2 

We define H^{G) to be the closure in H'^{G) of C^{G). Generally, Hlf'{G) 
is a proper subspace of H'^{G). Note that for any / G H"^{G) we have 

(5"/,V^)l2(g) = (-1)I"I(/,^»L2(G) , \a\<m, C^{G) . 

We can extend this result by continuity to obtain the generalized integration- 
by-parts formula 

(5"/,5)l2(G) = (-1)'"'(/,5"5)l2(g) , / e H"^\G) , g G H^{G) , \a\ < m . 

This formula suggests that consists of functions in H^(G) which 

vanish on dG together with their derivatives through order m — 1. We shall 
maJce this precise in the following (cf. Theorem 3.4). 

Since Cq°{G) is dense in H(P{G), each element of H'q'{G)' determines 
(by restriction to Cq'{G)) a distribution on G and this correspondence is an 
injection. Thus we can identify Hq^(G)' with a space of distributions on G, 
and those distributions axe characterized as follows. 
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Theorem 2.2 Hq^{G)' is (identified with) the space of distributions on G 
which are the linear span of the set 

{d^f : |a| < m , / G L\G)} . 

Proof: If f e L'^{G) and \a\ <m, then 

Id'^fm < WfWmoMlHs^iG) , ^ e C^{G) , 

so d^f has a (unique) continuous extension to Hq^{G). Conversely, if T G 
H^iG)', there is an /i G -ff^(G) such that 

T{^) = {h,ip)H^iG) , ^eCo^lG) . 

But this impHes T = X]|a|<m(~l)'°'^"(^"''') ^^^^ hence, the desired result, 
since each G -^^(G). 

We shall have occasion to use the two following results, each of which 
suggests further that Hq^{G) is distinguished from H"^{G) by boundary 
values. 

Theorem 2.3 i?^(R") = iJ"^(R"). (Note that the boundary o/R" is empty.) 

Proof: Let r G C^(K") with r(x) = 1 when |x| < 1, r(x) = when 
|x| > 2, and < t{x) < 1 for all x G M". For each integer A; > 1, define 
rfc(x) = T{x/k), X G K". Then for any u G if"^(M") we have • w G i?™(]R'^) 
and (exercise) Tfc • « — u in ii"™(K") as A; — > oo. Thus we may assume 
u has compact support. Letting G denote a sphere in R" which contains 
the support of u, we have from Lemma 1.2 of Section 1.1 that the mollified 
functions ^ u in L'^{G) and that {D'^u)^ = D'^^Ue) — ^ d'^u in L'^{G) for 
each a with |a| < m. That is, G C^(M'') and Ue^u'm. H'^i^W). 

Theorem 2.4 Suppose G is an open set in M" with sup{|xi | : (xi, X2, . . . , Xn) 
eG] = K <oo. Then 

II</^IIl2(G) < 2if ||3i(^||£,2(G.) , V G -ffo(G) . 
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Proof: We may assume (p G Cq°{G), since this set is dense in Hq{G). Then 
integrating the identity 

D,ix^■\ip{x)\') = \v{x)\'+x,■D,Mx)\') 

over G by the divergence theorem gives 

/ [(^(x)!^ = - / xi{Di(p{x) ■ (p{x) + (p{x) ■ Di(p{x)) dx . 
Jg Jg 

The right side is bounded by 2i^||I?i(^||^2(G) ||</?||i2((3), and this gives the 
result. 

2.3 

We describe a technique by which certain properties of H^{G) can be 
deduced from the corresponding property for Hq^{G) or where 

= {{x',Xn) € X M : a;„ > 0} has a considerably simpler bound- 

ary. This technique is appropriate when, e.g., G is open and bounded in R"' 
and lies (locally) on one side of its boundary dG which we assume is a C^- 
manifold of dimension n — 1. Letting Q = {y G M" : < 1, 1 < j < n}, 
Qo = {y ^ Q '■ Un = and Q+ = {y E Q : Un > 0}, we can formulate this 
last condition as follows: 

There is a collection {Gj : 1 < j < N} of open bounded sets in R" for 
which dG C U{Gj : 1 < j < N} and a corresponding collection of functions 
ifj G C"^{Q,Gj) with positive Jacobian J{(pj), I < j < N, and ipj is a 
bijection of Q, (5+ and Qo onto Gj, Gj n G, and n 9G, respectively. For 
each j, the pair {(pj.Gj) is a coordinate patch for the boundary. 

Given the collection {(<^j,Gj) : 1 < j < A'^} of coordinate patches as 
above, we construct a corresponding collection of open sets Fj in R" for 
which each Fj C Gj and U{Fj : I < j < N] ^ dG. Define Gq = G and 

= G r-. u{ : 1 < i < TV}, so Fo C Gq. Note also that G C G U [j{Fj : 
1 < J < iV} and G C U{Fj : < j < N}. For each j, < j < TV, let 

G G^(M") be chosen so that < aj{x) < 1 for ah a; G R", supp(aj) C Gj, 
and aj{x) = 1 for x G Fj. Let a G G^(R") be chosen with < a{x) < 1 
for all x G R", supp(a) C G U U{^i : 1 < J < AT}, and a(x) = 1 for a; G G. 
Finally, for each j, < j < N, we define Pj{x) = aj{x)a{x) / Y^^^q C(k{x) for 
X € U{Fj : < j < N} and pj{x) = for a; G R*" ~ U{ F^- : 1 < j < A^}. 
Then we have Pj G G^(R''), (3j has support in Gj, Pj{x) > 0, x G R" and 
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J2{Pj{x) : < j < iV} = 1 for each x e G. That is, {Pj : < j < N} is 
a partition- of -unity subordinate to the open cover {Gj ■ < j < N} of G 
and {Pj ■ 1 < j < N} is a partition-of-unity subordinate to the open cover 
{Gj : 1 < i < iV} of dG. 

Suppose we are given a u G H^{G). Then we have u = X]jLo{/^j^} 
G and we can show that each pointwise product f5jU is in H^{G fl Gj) with 
support in Gj. This defines a function ^ H^{G) x UiH^'iGnGj) : 

1 < J < N}, where u {(3qu,Piu, . . . ,I3nu). This function is clearly linear, 
and from ^ (3j = 1 it follows that it is an injection. Also, since each /3jU 
belongs to H'^{G n Gj) with support in Gj for each 1 < j < A^, it follows 
that the composite function {I3ju) o ipj belongs to H"^{Q~^) with support in 
Q. Thus, we have defined a Unear injection 

A : H'^'iG) H^'{G) x [H"'{Q+)f , 

Moreover, we can show that the product norm on A« is equivalent to the 
norm of u in H^(G), so A is a continuous linear injection of H"^(G) onto a 
closed subspace of the indicated product, and its inverse in continuous. 

In a similar manner we can localize the discussion of functions on the 
boundary. In particulax, C'^{dG), the space of m times continuously dif- 
ferentiable functions on dG, is the set of all functions / : dG — ?> R such 
that (Pjf) o (pj € C"'{Qq) for each j, 1 < j < N. The manifold dG has an 
intrinsic measure denoted by "ds" for which integrals are given by 

» N N 

/ fds = J2 {(5jf)ds = Y. iP,f)o^^{y')J{^j)dy' , 

JdG j_-^JdGnGj j=i-'Qo 

where J{i^j) is the indicated Jacobian and dy' denotes the usual (Lebesgue) 
measure on 

Qo C M"-^ Thus, we obtain a norm on C{dG) = C^{dG) given 
by ll/llL2(gG') = {Jgclfl'^ ds)^^^, and the completion is the Hilbert space 
L^{dG) with the obvious scalar-product. We have a linear injection 

A : L\dG) [L\Qo)f 

f ^ ((/3i/)o<^i,...,(/3^/)o<^^) 

onto a closed subspace of the product, and both A and its inverse are con- 
tinuous. 
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3 Trace 

We shall describe the sense in which functions in H'^{G) have "boundary 
values" on dG when m > 1. Note that this is impossible in L'^{G) since dG 
is a set of measure zero in M". First, we consider the situation where G is 
the half-space = {{xi,X2, ■ ■ ■ , Xn) '■ Xn > 0}, for then dG = {{x' , 0) : x' € 
M""^} is the simplest possible (without being trivial). Also, the general case 
can be localized as in Section 2.3 to this case, and we shall use this in our 
final discussion of this section. 

3.1 

We shall define the (first) trace operator 70 when G = M" = {x = {x', a;„) : 
x' G R"~^, Xn > 0}, where we let x' denote the (ra— l)-tuple (xi, X2, . . . , Xn-i)- 
For any (p e C^(G') and x' G M"~^ we have 

POO 

\ip{x',0)\^ = - / DnMx',Xn)\^)dXn . 

Jo 

Integrating this identity over gives 

!!</='(•> 0) lli2(M"-i) < / [{Dn<p-<f + 'p-Dn(pn)]dx 

^ ' Jm'^ 

< 2\\Dn(p\\L■2{M.^)\\<f\\L2{Rr^_^ ■ 

The inequality 2ab < + 6^ then gives us the estimate 

11/ II I 1 1 2 

II'/'("'0)IIl2(r"-i) ^ IIv^IIl2(r:|:) + \\Dn'p\\L2(isq_) ■ 

Since C^{Wlj_) is dense in H^{M.^), we have proved the essential part of the 
following result. 

Theorem 3.1 The trace function 70 : C^{G) C^{dG) defined by 

7o(^)(a;') = ip{x',0) , if G G\G) , x' e dG , 

(where G = has a unique extension to a continuous linear operator 
7o G C{H^ {G) , L'^ (dG)) whose range is dense in L'^{dG), and it satisfies 

7o(/3 ■ u) = 7o(/3) ■ 7o(u) , /? G C\G) , u E H\G) . 
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Proof: The first part follows from the preceding inequality and Theorem 
1.3.1. If '0 € Cq°(M"^~^) and r is the truncation function defined in the proof 
of Theorem 2.3, then 



defines (p € C^{G) and 7o(</?) = ip- Thus the range of 70 contains Co°(M" ^). 
The last identity follows by the continuity of 70 and the observation that it 
holds for « G C^G). 

Theorem 3.2 Let u e i?^(M!;:). Then u G i?o(M!^) if and only if ^q{u) = 0. 

Proof: If {un} is a sequence in Co°(M") converging to u in iJ^(K"), then 

7o(it) = lim7o(n„) = by Theorem 3.1. 

Let u € i?^(]R") with 70U = 0. If {r,- : j > 1} denotes the sequence of 
truncating functions defined in the proof of Theorem 2.3, then TjU — )■ u in 
i7-''(R!J:) and we have 7o(rj«) = 7o(Tj)7o('u) = 0, so we may assume that u 
has compact support in M". 

Let Oj G Ci(]R+) be chosen such that 6'j(s) = if < s < 1/j, ej{s) = 1 
if s > 2/j, and < 6*^(5) < 2j if (1/j) < s < {2/j). Then the extension of 
X I-)- 9j{xn)u{x',Xn) to all of R" as on is a function in i?^(K") with 
support in {x : Xn > and (the proof of) Theorem 2.3 shows we may 

approximate such a function from Co°(M"). Hence, we need only to show 
that OjU uin H'^iM.'l). 

It is an easy consequence of the Lebesgue dominated convergence theorem 
that djU u in L^(]R") and for each A;, 1 < A; < n — 1, that dk{Oju) = 
Ojipku) dkU in L^(M") as j ^ oo. Similarly, 0j{dnu) dnU and we have 
dn{Oju) = 9j{dnu) + 9jU, so we need only to show that 6jU ^ in L^(M!ji) 
as j oo. 

Since 70 (tf) = we have u{x',s) = Jq dnu{x' ,t) dt for x' G K"~-^ and 
s > 0. Prom this follows the estimate 



ip{x) = l/j{x')T{Xn) 



x = (x', Xn) G K' 



■+ 




Thus, we obtain for each x' G W 
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Interchanging the order of integration gives 



Jo Jo Jt 



I \e'j{s)u{x\s)\^ds <Sj / \dnu{x\t)\^ dsdt 



< 16 / \dnu{x' ,t)\'^ dt . 



Integration of this inequahty over M' 



in— 1 



gives us 




M"-lx[0,2/j] 




and this last term converges to zero as j — >■ oo since dnU is squaxe-summable. 



We can extend the preceding results to the case where G is a sufficiently 
smooth region in R". Suppose G is given as in Section 2.3 and denote by 
{Gj : < j < iV}, {ifj : 1 < j < iV}, and {I3j : < j < N} the open cover, 
corresponding local maps, and the partition-of-unity, respectively. Recalling 
the linear injections A and A constructed in Section 2.3, we axe led to consider 
function 70 : H^{G) L^{dG) defined by 



where the equality follows from Theorem 3.1. This formula is precisely what 
is necessary in order that the following diagram commutes. 



3.2 



N 




N 



(G) A H^{G) X H\Q+) X • • • X H\Q+) 



70 



70 





Also, if « € C^{G) we see that 70 (ti) is the restriction of u to dG. These 
remarks and Theorems 3.1 and 3.2 provide a proof of the following result. 



48 



CHAPTER II. DISTRIBUTIONS AND SOBOLEV SPACES 



Theorem 3.3 Let G be a bounded open set in M" which lies on one side of 
its boundary, dG, which we assume is a C^ -manifold. Then there exists a 
unique continuous and linear function 70 : (G) — > (dG) such that for 
each u € C^{G), 70 (it) is the restriction of u to dG. The kernel 0/70 is 
Hq{G) and its range is dense in L^{dG). 

This result is a special case of the trace theorem which we briefly discuss. 
For a function u G C'^{G) we define the various traces of normal derivatives 
given by 



< i < m - 1 . 

dG 

Here u denotes the unit outward normal on the boundary of G. When 
G = M" (or G is localized as above), these are given by du/dv — — dnu\xn=o- 
Each 7j can be extended by continuity to all of iJ™ (G) and we obtain the 
following. 

Theorem 3.4 Let G be an open hounded set in K" which lies on one side 
of its boundary, dG, which we assume is a C^ -manifold. Then there is a 
unique continuous linear function 7 from H"^{G) into JJ^^q^ H'^~^~^ (dG) 
such that 

l{u) = {-foU,'yiU,... ,Jrn-l{u)) , M € G™(G) . 

The kernel of ^ is Hq^{G) and its range is dense in the indicated product. 

The Sobolev spaces over dG which appear in Theorem 3.4 can be defined 
locally. The range of the trace operator can be characterized by Sobolev 
spaces of fractional order and then one obtains a space of boundary values 
which is isomorphic to the quotient space H"^ (G) / Hq^ (G) . Such characteri- 
zations are particularly useful when considering non-homogeneous boundary 
value problems and certain applications, but the preceding results will be 
sufficient for our needs. 



4 Sobolev's Lemma and Imbedding 

We obtained the spaces H"^{G) by completing a class of functions with 
continuous derivatives. Our objective here is to show that each element of 
H'^{G) is (represented by) a function with continuous derivatives up to a 
certain order which depends on m. 
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Let G be bounded and open in M"^. We say G satisfies a cone condition if 
there is a p > and 7 > such that each point y G G is the vertex of a cone 
K{y) of radius p and volume 7p" with K{y) C G. Thus, 7 is a measure of 
the angle of the cone. To be precise, a ball of radius p has volume a;„/9"/n, 
where a;„ is the volume of the unit ball in R"^, and the angle of the cone 
K{y) is the ratio of these volumes given by 7n/u;„. 

We shall derive an estimate on the value of a smooth function at a point 
y e G in terms of the norm of H'^{G) for some m > 0. Let g E Co°(K) 
satisfy g > 0, g{t) = 1 for \t\ < 1/2, and g{t) = for \t\ > 1. Define 
T{t) = g{t/p) and note that there are constants A^ > such that 



dt^ 



A 



T{t} < ^ , p>0. (4.1) 



Let u G C"*(G) and assume 2m > n. If y G G and is the indicated 

cone, we integrate along these points x G K{y) on a given ray from the 
vertex y and obtain 

/ Dr{T{r)u{x)) dr = -u{y) , 
^0 

where r = — y| for each such x. Thus, we obtain an integral over K(y) in 
spherical coordinates given by 

/ / Dr{T{r)u{x)) dr duj = —u{y) [ duj = —u{y)^n / u>n 
Jn Jo Jn 

where u is spherical angle and Q = ■yn/ujn is the total angle of the cone 
K{y). We integrate by parts m — 1 times and thereby obtain 

u(y) = ^-^ — li- / / Dir{Tu)r"'-Urduj . 



jn{m - 1)! JaJo 

Changing this to Euclidean coordinates with volume element dx = r"""-*^ dr duj 
gives 

Hy)\ = / dx . 

7n(m- 1)! JK{y) 
The Cauchy-Schwartz inequality gives the estimate 

< ( ."^^ / mTu)\''dx [ r2(— )dx , 

\jn{m-iy.J JK(y) JK(y) 
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and we use spherical coordinates to evaluate the last term as follows: 

/ r2(— ") dx= [ r -1 dr dw = ^""f" . 
JK{y) J a Jo Un(2m - n) 

Thus we have 

Hy)\' < C^m,n)p'"'-'' I \DT{ru)\^ dx (4.2) 

JK{y) 

where C(j„ „) is a constant depending only on m and n. Prom the estimate 
(4.1) and the formulas for derivatives of a product we obtain 



\D:p{Tu)\ = \Y,(^]D^-^r.D\ 

k=Q 



k=0 
hence, 



u 



m ^ 



mru)\^<C'^^^\D^M' 
k=0 



This gives with (4.2) the estimate 

m » 

|«(y)P < C(m, n)C' V p^fe-n / |^fe^|2 _ (4 3^ 

Jk(v) 



By the chain rule we have 



< C" ^ |L>°u( 

|a;|<fe 



SO by extending the integral in (4.3) to all of G we obtain 



suip\u{y)\<C\\u\\m . (4.4) 
yeG 



This proves the following. 



Theorem 4.1 Zei G be a bounded open set in and assume G satisfies 
the cone condition. Then for every u G C'^{G) with m > n/2 the estimate 
(4.4) holds. 
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The inequality (4.4) gives us an imbedding theorem. We let Cu{G) denote 
the linear space of all uniformly continuous functions on G. Then 

||^i||oo,o = sup{|'u(x)| : X G G} 
is a norm on Cu{G) for which it is a Banach space, i.e., complete. Similarly, 

11^11(30^;, = sup{|D"'u(x)| : a; G G , |a| < /e} 

is a norm on the linear space C'^(G) = {u G Cu{G) : G Cu{G) for 
|a| < k} and the resulting normed linear space is complete. 

Theorem 4.2 Let G be a bounded open set in and assume G satisfies 
the cone condition. Then H"^{G) C C^{G) where m and k are integers with 
m > k + n/2. That is, each u G H"^{G) is equal a.e. to a unique function 
in C!^{G) and this identification is continuous. 

Proof: By applying (4.4) to D°^u for \a\ < k we obtain 

ll^^lloo.fc < C\\u\\m , u G C""(G) . (4.5) 

Thus, the identity is continuous from the dense subset C'^{G) of H"^{G) 
into the Banach space C^{G). The desired result follows from Theorem 1.3.1 
and the identification of ii"™(G) in L'^{G) (cf. Theorem 2.1). 

5 Density and Compactness 

The complementary results on Sobolev spaces that we obtain below will be 

used in later sections. We first show that if d°'f G L?'{G) for all a with 
I a I < m, and if dG is sufficiently smooth, then / G H'^(G). The second 
result is that the injection H^~^^{G) H^{G) is a compact mapping. 

5.1 

We first consider the set W^{G) of all / G L'^{G) for which 5"/ G L'^{G) for 
all a with \a\ < m. It follows easily that T-L'^{G) is a Hilbert space with the 
scalar product and norm as defined on H™'{G) and that H^{G) < Ti^^lG). 
Our plan is to show equality holds when G has a smooth boundary. The 
case of empty dG is easy. 
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Lemma 5.1 C^(M") is dense inVr-{W). 

The proof of this is similar to that of Theorem 2.3 and we leave it as 
an exercise. Next we obtain our desired result for the case of dG being a 
hyperplane. 

Lemma 5.2 i7"*(K!J:) = •^"^(M!^). 



Proof: We need to show each u G 'H™(R") can be approximated from 
(^"^(M"). Let e > and define ^^(a;) = u{x',Xn + e) for x = {x',Xn), 
x' G R""^ Xn > We have ^ u in 'H"'(M") as e ^ 0, so it suffices to 
show Ue e H^'iM.'l). Let 6 G C°°(M) be monotone with 9{x) = for ar < -e 
and 0{x) = 1 for x > 0. Then the function du^ given by 9{xn)us(x) for 
Xn > — e and by for x„ < —e, belongs to ?^"'(]R") and clearly ^n^ = u^^ on 
. Now use Lemma 5.1 to obtain a sequence {^Pn} from Cq^{M."') converging 
to Ou^ in n"^{R'^). The restrictions } belong to C~(M!^) and converge 

to Ou, in W^iRl). 



Lemma 5.3 There exists an operator V G £(7^"'(M!f.), ?{'"(M'')) such that 
{Vu){x) = u{x) for a.e. a; G M+. 



Proof: By Lemma 5.2 it suffices to define such a P on C"^(M" ). Let the 
numbers Ai, A2, . . . , be the solution of the system 



r Ai + A2 + • • • + A^ = 1 
-(Ai + A2/2 + --- + A„/m) = l 



L (-l)"^-^(Ai + A2/2"^-i + ■ ■ ■ + Xm/m 



For each u G C"'(M!|:) we define 

u{x) , Xn >0 

Vu{x) = { / , x„\ / , Xn 

Xiu{x , -a;„) + A2'U I x , — — I H h A^u I x , - — 



(5.1) 



a;„ < 



The equations (5.1) are precisely the conditions that dl^iVu) is continuous 
at a;„ = for j = 0, 1, . . . ,m - 1. Prom this follows Vu G •^"^(M"); V is 
clearly linear and continuous. 



5. DENSITY AND COMPACTNESS 



53 



Theorem 5.4 Let G be a bounded open set in K" which lies on one side of 
its boundary, dG, which is a C^ -manifold. Then there exists an operator 
Vg G C{'W^{G),W^{W)) such that {Vgu)\g = u for every u G W^{G). 

Proof: Let {{(pk,Gk) : 1 < ^ < N} be coordinate patches on dG and 
let : < A; < N} be the partition-of-unity constructed in Section 2.3. 
Thus for each u € 'H™'{G) we have u = Z]jLo(/^j^)- The first term f3{)U 
has a trivial extension to an element of 7{"*(R"). Let 1 < A; < AT and 
consider (3kU. The coordinate map ipk '■ Q ^ Gk induces an isomorphism 
: -W^iGk n G) ^ by ^l{v) =voipk. The support of ^l{(iku) 

is inside Q so we can extend it as zero in Wj^ ~ Q to obtain an element of 
T-V^iW^). By Lemma 5.3 this can be extended to an element V{(pl{(5k'u)) 
of 'H"*(R") with support in Q. (Check the proof of Lemma 5.3 for this last 
claim.) The desired extension of is given by 'P{(p\{l3ku)) oip'^^ extended 
as zero off of . Thus we have the desired operator given by 

N 

Vgu = Pou + ^{V{Pku) o ipk) o ifl^ 

k=l 

where each term is extended as zero as indicated above. 

Theorem 5.5 Let G be given as in Theorem 54. Then H'^{G) = W^{G). 

Proof: Let u G W^G). Then Vgu € W^iW) and Lemma 5.1 gives a 
sequence {ifn} in Co°(M") which converges to Vgu. Thus, {i^nlc} converges 
to u in W{G). 

5.2 

We recall from Section L7 that a linear function T from one Hilbert space to 
another is called compact if it is continuous and if the image of any bounded 
set contains a convergent sequence. The following results will be used in 
Section in.6 and Theorem IIL7.7. 

Lemma 5.6 Let Q be a cube in with edges of length d > 0. Ifu G C^{Q), 
then ^ ^ 

\\u\\h^Q) <d-^(j u) + {nd^/2) ^ . (5.2) 
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Proof: For x,y & Q we have 

u{x) - u{y) = 2w / Dju{yi, yj-i, s, Xj+i, ...,Xn)ds 
j=i -^^^ 

Square this identity and use Theorem 1.4.1(a) to obtain 

" rb 



{x)+u^{y)-2u{x)u{y) <nd^ {Djuf{yi, . . . ,yj^i,s,Xj+i, . . . ,Xn)ds 



where Q = {x : aj < Xj < bj} and bk — = d for each k = 1,2, ... ,n. 
Integrate the preceding inequahty with respect to Xi, ... ,Xn, yi, ■■■ ,yn, and 
we have 



(Q) 



The desired estimate (5.2) follows. 



Theorem 5.7 Let G be bounded in E". If the sequence {ufc} in Hq{G) is 
bounded, then there is a subsequence which converges in L'^{G). That is, the 
injection Hq{G) L'^{G) is compact. 

Proof: We may assume each Uk G Cq°{G); set M = sup{||itfc||^i}. Enclose 
G in a cube Q; we may assume the edges of Q are of unit length. Extend 
each Uk as zero on Q r^j G, so each Uk G Cq°{Q) with ||itfc||_H-i(Q) < 

Let e > 0. Choose integer A'^ so large that 2nM'^ /N"^ < e. Decompose Q 
into equal cubes Qj, j = 1,2, ... , N"", with edges of length 1/N. Since {uk} is 
bounded in L'^{Q), it follows from Theorem 1.6.2 that there is a subsequence 
(denoted hereafter by {uk}) which is weakly convergent in L'^{Q). Thus, 
there is an integer K such that 

/ («fe - «^) ' < £/2iV2- , j = 1,2,... ,N'' ; k,£>K . 

If we apply (5.2) on each Qj with u = Uk — U(, and sum over all j's, we obtain 
for k,e>K 

hk - n^|li2(Q) < N^(Y.e/2N^A + (n/2iV2)(2M2) < s . 
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Thus, {uk} is a Cauchy sequence in L'^{Q). 

Corollary Let G be bounded in K" and let m > 1. Then the injection 
H^{G) H^-\G) is compact. 

Theorem 5.8 Let G he given as in Theorem 5.4 and let m > 1. Then the 
injection H^{G) H"^~^{G) is compact. 

Proof: Let {u^} be bounded in H'^{G). Then the sequence of extensions 
{Pcluk)} is bounded in H^{W). Let 9 € C^{W) with 6* = 1 on G and let 
Q, be an open bounded set in M" containing the support of 9. The sequence 
{9 - VGiuk)} is bounded in H1^{Vl), hence, has a subsequence (denoted by {9- 
Vciuk')}) which is convergent in ^^"^^(O). The corresponding subsequence 
of restrictions to G is just {uk'} and is convergent in H"^~^{G). 



1.1. Evaluate {d - X){H{x)e^'^) and (5^ + X'^){X-^H{x)sin{Xx)) for Xj^O. 

1.2. Find aU distributions of the form F{t) = H{t)f{t) where / G C'^{B) 



1.3. Let K be the square in ^ith corners at (1,1), (2,0), (3,1), (2,2), and 
let Tk be the function equal to 1 on and elsewhere. Evaluate 



1.4. Obtain the results of Section 1.6(e) from those of Section 1.6(d). 

1.5. Evaluate A„(l/|a;|"-2). 

1.6. (a) Let G be given as in Section 1.6(e). Show that for each function 

/ G C^(G) the identity 



Exercises 



such that 



(5^ + 4)F = ci5 + C2d5 . 



{dl - dl)TK. 




1 < i < n , 



follows from the fundamental theorem of calculus. 
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(b) Show that Green's first identity 

/ CVu ■ Vv + {Anu)v) dx = [ ^ V ds 

JG JdG OV 

follows from above for u G C^{G) and v G C^(G). Hint: Take 

fj = {dju)v and add. 

(c) Obtain Green's second identity from above. 

2.1. In the Hilbert space H^{G) show the orthogonal complement of Hq{G) 

is the subspace of those (p G H^{G) for which A„(/? = ip. Find a basis 
for H^{G)-^ in each of the three cases G = (0, 1), G = (0, oo), G = R. 

2.2. If G = (0, 1), show H\G) C G(G). 

2.3. Show that Hq{G) is a Hilbert space with the scalar product 

if, 9)= I Vf{x)-W^ix)dx . 

JG 

If F G L2(G), show T{v) = {F,v)l2^g) defines T G H^iG)'. Use the 
second part of the proof of Theorem 2.2 to show that there is a unique 
u G H^{G) with A„u = F. 

2.4. If Gi C G2, show H(P(Gi) is naturally identified with a closed subspace 

of HS'{G2). 

2.5. If M G H'^iG), then p G G~(G) implies f3u G iJ"*(G), and /3 G C^{G) 

implies /3u G i^^(G). 

2.6. In the situation of Section 2.3, show that is equivalent to 

(J2f=o ll/^i^ll|/™(GnGj))"^^^ ^^'^ 11^^1^2(9(5) is equivalent to 
(EjLi ll/5j«lli2(aGnGj))^'^^- 

3.1. In the proof of Theorem 3.2, explain why 7o(u) = implies u{x',s) = 

dnu{x', t) dt for a.e. x' G K"-^ 

3.2. Provide all remaining details in the proof of Theorem 3.3. 

3.3. Extend the first and second Green's identities to pairs of functions from 

appropriate Sobolev spaces. (Cf. Section 1.6(e) and Exercise 1.6). 
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4.1. Show that G satisfies the cone condition if dG is a C -manifold of 

dimension n — 1. 

4.2. Show that G satisfies the cone condition if it is convex. 

4.3. Show H"^{G) C C*^(G) for any open set in so long as m > A; + n/2. 

If xo e G, show that 6{(p) = (p{xo) defines 6 G H'^{G)' for m > n/2. 

4.4. Let r be a subset of dG in the situation of Theorem 3.3. Show that 

if g{s)Lp{s) ds defines an element of H^(G)' for each g G L^(r). 

Repeat the above for an (n — l)-dimensional C^-manifold in G, not 
necessarily in dG. 

5.1. Verify that H"'{G) is a Hilbert space. 

5.2. Prove Lemma 5.1. 



Chapter III 

Boundary Value Problems 



1 Introduction 

We shall recall two classical boundary value problems and show that an 
appropriate generalized or abstract formulation of each of these is a well- 
posed problem. This provides a weak global solution to each problem and 
motivates much of our latter discussion. 

1.1 

Suppose we are given a subset G of and a function F : G ^ K. We 
consider two boundary value problems for the partial differential equation 

-A„it(a3) + u{x) = F{x) , X eG . (1.1) 

The Dirichlet problem is to find a solution of (1.1) for which u = on dG. 
The Neumann problem is to find a solution of (1.1) for which (du/du) = 
on dG. In order to formulate these problems in a meaningful way, we recall 
the first formula of Green 

/ {{Anu)v + Vu-Vv)= [ ^v= [ 7iu ■ jov (1.2) 
Jg JdG Ci/ Jog 

which holds if dG is sufficiently smooth and if u G H'^{G), v G H^{G). Thus, 
if « is a solution of the Dirichlet problem and if u G H^{G), then we have 
u e Hl{G) (since 70U = 0) and (from (1.1) and (1.2)) 

{u,v)h^^g) = iF,v)LHG) , V G Hl{G) . (1.3) 
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Note that the identity (1.3) holds in general only for those v G H^{G) for 
which 7ou = 0. If we drop the requirement that v vanish on dG, then 
there would be a contribution from (1.2) in the form of a boundary integral. 
Similarly, if u is a solution of the Neumann problem and u G H'^{G), then 
(since jiu = 0) we obtain from (1.1) and (1.2) the identity (1.3) for all 
V G H^iG). That is, u G H^{G) and (1.3) holds for all v G H^iG). 

Conversely, suppose u G H'^{G) n Hq{G) and (1.3) holds for all v G 
Hl{G). Then (1.3) holds for all v G C^(G), so (1.1) is satisfied in the sense 
of distributions on G, and 70^ = is a boundary condition. Thus, u is a 
solution of a Dirichlet problem. Similarly, if u G H'^{G) and (1.3) holds for 
all V G -ff^(G), then C^{G) C H^{G) shows (1.1) is satisfied as before, and 
substituting (1.1) into (1.3) gives us 

/ 7iu- 70^ = 0, veH^{G). 
JdG 

Since the range of 70 is dense in L'^{dG), this implies that jiu = 0, so u is 
a solution of a Neumann problem. 

1.2 

The preceding remarks suggest a weak formulation of the Dirichlet problem 
as follows: 

Given F G L'^{G), find u G H^iG) such that (1.3) holds for all 
u G H^{G). 

In particular, the condition that u G H"^ (G) is not necessary for this formu- 
lation to make sense. A similar formulation of the Neumann problem would 
be the following: 

Given F G L'^{G), find u G H^{G) such that (1.3) holds for all 
V G H^{G). 

This formulation does not require that u G H'^(G), so we do not necessarily 
have 7iu G L'^{dG). However, we can either extend the operator 71 so (1.2) 
holds on a larger class of functions, or we may prove a regularity result to the 
effect that a solution of the Neumann problem is necessarily in H'^{G). We 
shall achieve both of these in the following, but for the present we consider 
the following abstract problem: 
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Given a Hilbert space V and / G F', find u &V such that for all 

{u,v)v = f{v) . 

By taking V = Hq{G) ot V = H^{G) and defining / to be the functional 
f{v) = {F, v) (^Q^ of V', we recover the weak formulations of the Dirichlet 
or Neumann problems, respectively. But Theorem 1.4.5 shows that this 
problem is well-posed. 

Theorem 1.1 For each f E V , there exists exactly one u E V such that 
{u,v)v = f{v) for all v eV, and we have \\u\\v = ||/||y • 

Corollary If ui and U2 are the solutions corresponding to fi and f2, then 

\\ui -U2\\v = ll/i - f2\\v' ■ 

Finally, we note that if V = H^{G) or H'^{G), and if F G L'^{G) then 
< ||-^||l2((5) where we identify L'^{G) C V as indicated. 

2 Forms, Operators and Green's Formula 
2.1 

We begin with a generalization of the weak Dirichlet problem and of the 
weak Neumann problem of Section 1: 

Given a Hilbert space V, a continuous sesquilineax form a(-, •) on 
V, and / G V, find uEV such that 

a{u,v) = f{v), veV. (2.1) 

The sesquilinear form a(-, •) determines a pair of operators a, /3 G 
by the identities 

a{u,v) = {a{u),v)v = {u, l3{v))v , u,veV. (2.2) 

Theorem 1.4.5 is used to construct a and (3 from a(-, •), and a(-, •) is clearly 
determined by either of a or /3 through (2.2). Theorem 1.4.5 also defines the 
bijection J G JC{V', V) for which 

f{v) = {J{f),v)v , fev',vev. 
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In fact, J is just the inverse of Ry- It is clear that u is a solution of the 
"weak" problem associated with (2.1) if and only if a{u) = J{f)- Since J is 
a bijection, the solvability of this functional equation in V depends on the 
invertibility of the operator a. A useful sufficient condition for a to be a 
bijection is given in the following. 

Definition. The sesquilinear form a(-, •) on the Hilbert space V is V- 
coercive if there is a c > such that 

|a(u,^;)| > c||u||^ , veV. (2.3) 

We show that the weak problem associated with a F-coercive form is 
well-posed. 

Theorem 2.1 Leta{-,-) be a V -coercive continuous sesquilinear form. Then, 
for every f G V , there is a unique u € V for which (2.1) is satisfied. Fur- 
thermore, \\u\\v < (l/c)||/||y. 

Proof: The estimate (2.3) implies that both a and /3 are injective, and we 
also obtain 

||a('y)||v' ^ ||y , V . 

This estimate implies that the range of a is closed. But (3 is the adjoint of a in 
V, so the range of a, Rg(a), satisfies the orthogonality condition Rg(a)-'- = 
K{P) = {0}. Hence, Rg(Q;) is dense in V, and this shows Rg(Q:) = V. Since 
J is norm-preserving the stated results follow easily. 

2.2 

We proceed now to construct some operators which characterize solutions of 
problem (2.1) as solutions of boundary value problems for certain choices of 
a(-, •) and V. First, define A G C{V,V') by 

a{u,v) = Au{v) , u,v eV . (2.4) 

There is a one-to-one correspondence between continuous sesquilinear forms 
on V and linear operators from V to V', and it is given by the identity (2.4). 
In particular, it is a solution of the weak problem (2.1) if and only if it G F 
and Au = /, so the problem is determined by A when f e V is regarded 
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as data. We would like to know that the identity Au = f implies that u 
satisfies a partial differential equation. It will not be possible in all of our 
examples to identify V' with a space of distributions on a domain G in K". 
(For example, we are thinking of 1^ = H^{G) in a Neumann problem as in 
(1.1). The difficulty is that the space Cq°{G) is not dense in V.) 

There are two "natural" ways around this difficulty. First, we assume 
there is a Hilbert space H such that V is dense and continuously imbedded 
in H (hence, we may identify H' C V) and such that H is identified with 
H' through the Riesz map. Thus we have the inclusions 

V^H = H' ^V' 

and the identity 

fiv) = {f,v)H, feH,veV. (2.5) 

We call H the pivot space when we identify H = H' as above. (For example, 
in the Neumann problem of Section 1, we choose H = L^{G), and for this 
choice of H, the Riesz map is the identification of functions with functionals 
which is compatible with the identification of L'^{G) as a space of distribu- 
tions on G; cf.. Section 1.5.3.) We define D = {u & V : Au G H}. In the 
examples, Au = f, u e D, will imply that a partial differential equation is 
satisfied, since Cq°{G) will be dense in H. Note that u G D if and only if 
u eV and there is a if > such that 

|a(tt,t;)| < Er||f||H ) V eV . 

(This follows from Theorem 1.4.5.) Finally, we obtain the following result. 

Theorem 2.2 If a{-, •) is V -coercive, then D is dense in V , hence, dense 
in H. 

Proof: Let w with {u,w)y = for all u ^ D. Then the operator (3 
from (2.2) being surjective implies w = P{v) for some v G V. Hence, we 
obtain = {u,P{v))v = Au{v) = {Au,v)h by (2.5), since u e D. But A 
maps D onto H, so v = 0, hence, w = 0. 

A second means of obtaining a partial differential equation from the 
continuous sesquilinear form a(-, •) on V is to consider a closed subspace Vq 
ofV,\eti:Vo'-^V denote the identity and p = i' : V ^ Vq the restriction 
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to Vo of functionals on V, and define A = pA : V — > Vq. The operator 
A G Fo') defined by 

a(u, v) = , -u G y , G Vo 

is called the formal operator determined by a(-, •), V and Vq. In examples, 
Vo will be the closure in V of Cq°{G), so VJ{ is a space of distributions on G. 
Thus, ^ti = / G V^' will imply that a partial differential equation is satisfied. 

2.3 

We shall compare the operators A and A. Assume Vq is a closed subspace 
of V, H is a Hilbert space identified with its dual, the injection V ■-^ H 
is continuous, and Vq is dense in H. Let D be given as above and define 
Do = {u e V : Au £ H}, where we identify H C Vq. Note that u G -Dq if 
and only if u G F and there is a if > such that 

|a(«,u)| < , vEVq, 

so D C Dq. It is on Dq that we compare A and A. So, let u E Dq he fixed 
in the following and consider the functional 

(p{v) = Au{v) - {Au,v)h , V £V . (2.6) 

Then we have (p V' and (p\vQ = 0. But these are precisely the conditions 
that characterize those (p € V which are in the range of q' : {V/Vq)' — >■ V', 
the dual of the quotient map q : V ^ V/Vq. That is, there is a unique 
F G (V/VoY such that q'{F) = F o q = (p. Thus, (2.6) determines an 
F E (V/VoY such that F{q{v)) = ip{v), v E V. In order to characterize 
(y/Vo), let Vo be the kernel of a linear surjection -f : V ^ B and denote 
by 7 the quotient map which is a bijection of V/Vq onto B. Define a norm 
on B by ||7(f)||B = Ha^Hv/v;) so 7 is bicontinuous. Then the dual operator 
'j' : B' —?■ {V/VqY is a bijection. Given the functional F above, there is a 
unique d E B' such that F = ^'{d). That is, F = 9 o 7. We summarize the 
preceding discussion in the following result. 

Theorem 2.3 Let V and H he Hilbert spaces with V dense and continuously 
imbedded in H. Let H be identified with its dual H' so (2.5) holds. Suppose 7 
is a linear surjection of V onto a Hilbert space B such that the quotient map 
7 : V/Vq B is norm-preserving, where Vq, the kernel of ^, is dense in H. 
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Thus, we have Vq ^ H ^ V,^. Let A G C{V,V') and define A G C{V,V^) 
by A = pA, where p : V' ^ Vq is restriction to Vq, the dual of the injection 
Vq "—^ V. Let Dq = {u E V : Au G H}. Then, for every u G Dq, there is a 
unique d{u) G B' such that 

Au{v) - {Au,v)h = d{u){'y{v)) , vGV . (2.7) 

The mapping d : Dq — > B' is linear. 

When Vq is a space of distributions, it is the formal operator A that 
determines a partial differential equation. When 7 is a trace function and 

Vq consists of those elements of V which vanish on a boundary, the quotient 
V/Vq represents boundary values of elements of V. Thus i? is a realization of 
these abstract boundary values as a function space and (2.7) is an abstract 
Green's formula. We shall call d the abstract Green's operator. 

Example. Let V = -ff^(G) and 7 : H^{G) L^{dG) be the trace map 
constructed in Theorem II.3.1. Then Hq{G) = Vq is the kernel of 7 and 

we denote by B the range of 7. Since 7 is norm-preserving, the injection 
B ^ L'^{dG) is continuous and, by duality, L'^{dG) C B', where we identify 
L'^{dG) with its dual space. In particular, B consists of functions on dG and 
L^{dG) is a subspace of B'. Continuing this example, we choose H = L'^{G) 
and a{u,v) = (m, v)jji(g), so Au = — A„u + u and Dq = {u G H^{G) : 
A„M G L^(G)}. By comparing (2.7) with (1.2) we find that when dG is 
smooth d : Dq ^ B' is an extension oi d/dv = : H'^(G) L'^{dG). 

3 Abstract Boundary Value Problems 
3.1 

We begin by considering an abstract "weali" problem (2.1) motivated by 

certain carefully chosen formulations of the Dirichlet and Neumann problems 
for the Laplace differential operator. The sesquilinear form a(-, •) led to two 
operators: A, which is equivalent to a(-, •), and the formal operator A, which 
is determined by the action of A restricted to a subspace Vq of V. It is A that 
will be a partial differential operator in our applications, and its domain will 
be determined by the space V and the difference of A and A as characterized 
by the Green's operator d in Theorem 2.3. If V is prescribed by boundary 
conditions, then these same boundary conditions will be forced on a solution 
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u of (2.1). Such boundary conditions are called stable or forced boundary 
conditions. A second set of constraints may arise from Theorem 2.3 and 
these are called unstable or variational boundary conditions. The complete 
set of both stable and unstable boundary conditions will be part of the 
characterization of the domain of the operator A. 

We shall elaborate on these remarks by using Theorem 2.3 to characterize 
solutions of (2.1) in a setting with more structure than assumed before. This 
additional structure consists essentially of splitting the form a(-, •) into the 
sum of a spatial part which determines the partial differential equation in 
the region and a second part which contributes only boundary terms. The 
functional / is split similarly into a spatial part and a boundary part. 

3.2 

We assume that we have a Hilbert space V and a linear surjection j : V ^ B 
with kernel Vq and that B is a Hilbert space isomorphic to V/Vq. Let V be 
continuously imbedded in a Hilbert space H which is the pivot space iden- 
tified with its dual, and let Vq be dense in H. Thus we have the continuous 
injections Vo ^ H ^ Vq and V ^ H ^ V' and the identity (2.5). Let 
ai : y X y — >■ K and 02 : -B x 5 — >■ K be continuous sesquilineax forms and 
define 

a(n, v) = ai (n, v) + 02 (7U, ^v) , u,v ^V . 
Similarly, let F & H, g e B', and define 

f{v) = {F,v)H + g{7v) , veV. 

The problem (2.1) is the following: find u gV such that 

ai{u,v) + a2{'yu,'yv) = {F,v)h + gijv) , veV. (3.1) 

We shall use Theorem 2.3 to show that (3.1) is equivalent to an abstract 
boundary value problem. 

Theorem 3.1 Assume we are given the Hilbert spaces, sesquilinear forms 
and functionals as above. Let A2 ■ B ^ B' be given by 

A2<p{ip) = ai{(p,ip) , ip,'tpeB, 

and A:V^Vq by 



Au{v) = ai{u,v) , u eV , V eVq 
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Let Do = {u eV : Au e H} and di G L{Do,B') be given by (Theorem 2.3) 
ai{u,v) — {Au,v)h = diu{^v) , u & Dq , v & V . (3.2) 
Then, u is a solution of (3.1) if and only if 

It G F , Au = F , diu + A2{iu) = g . (3.3) 

Proof: Since 02(77^,71;) = for all v € Vq, it follows that the formal oper- 
ator A and space Dq (determined above by ai(-, •)) are equal, respectively, 
to the operator and domain determined by a(-, •) in Section 2.3. Suppose u 
is a solution of (3.1). Then u e V, and the identity (3.1) for d G Vq and Vq 
being dense in H imply that Au = F e H. This shows u E Dq and using 

(3.2) in (3.1) gives 

diu{'yv) + 02(714, 7f) = 5(7^) , V eV . 

Since 7 is a surjection, this implies the remaining equation in (3.3). Similarly, 

(3.3) implies (3.1). 

Corollary 3.2 Let D be the space of those u & V such that for some F & H 

a{u, v) = (F, v)h , V eV . 
Then u E D if and only if u is a solution of (3.3) with g = 0- 

Proof: Since Vq is dense in H, the functional f defined above is in H 
if and only if 5 = 0. 

4 Examples 

We shall illustrate some applications of our preceding results in a variety of 
examples of boundary value problems. Our intention is to indicate the types 
of problems which can be described by Theorem 3.1. 
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4.1 

Let there be given a set of (coefficient) functions 

aij G L~(G) , l<i , j <n; aj £ L°°(G) , < j < n , 
where G is open and connected in M", and define 

a{u,v) = \ ^ aij{x)diu{x)djv{x) + ^'^aj{x)dju{x)v{x) > dx , 

u,veH^{G), (4.1) 

where Oqu = u. Let F G L'^{G) = H he given and define f{v) = {F,v)h- 
Let r be a closed subset of dG and define 

V = {ve H^{G) : jo{v){s) = , a.e. seV} . 

F is a closed subspace of H^{G), hence a Hilbert space. We let Vq = Hq{G) 
so the formal operator A : V ^ Vq C V*(G) is given by 

n n 

Au = — ^ dj{aijdiu) + ^ ajdju . 

i,j=l j=0 

Let 7 be the restriction to V of the trace map H^{G) L'^(dG), where 
we assume dG is appropriately smooth, and let B be the range of 7, hence 
B ^ L'^{dG ~ r) B'. If all the aij e C^(G), then we have from the 
classical Green's theorem 

a{u,v) - {Au,v)h = -—■jo{v)ds, ueH'^{G),veV 

JdGr^r OVA 



where 

du 



denotes the (weighted) normal derivative on dG ^ T. Thus, the operator d 
is an extension of d/duA from H'^{G) to the domain Dq = {u £ V : Au G 
L^(G)}. Theorem 3.1 now asserts that « is a solution of the problem (2.1) 
if and only if u G H^{G), 70U = on T, = on ~ T, and Au = F. 
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That is, is a generalized solution of the mixed Dirichlet- Neumann boundary 
value problem 

Au{x) = F{x) , X eG , 
u{s) = , s eV , 
du{s) 



dvA 







G ~ r . 



(4.2) 



If r = 5G, this is called the Dirichlet problem or the boundary value problem 
of first type. If F = 0, it is called the Neumann problem or boundary value 
problem of second type. 



4.2 

We shall simplify the partial differential equation but introduce boundary 
integrals. Define H = L^{G), Vq = H^{G), and 



ai{u,v) 



G 



Vu ■ Vv u,v 



(4.3) 



where F is a subspace of H^{G) to be chosen below. The corresponding 
distribution- valued operator is given by ^4 = — A„ and di is an extension of 
the standard normal derivative given by 



du 
dv 



Vu ■ v 



Suppose we are given F e L'^{G), g e L'^{dG), and a G L°°{dG). We define 



a2((^,V') 



dG 



ais)^{s)^{s) ds , (/p, V' G L'^idG) 



f(v) = {F,v)h + {g,lov)L^{dG) > V , 

and then use Theorem 3.1 to characterize a solution u of (2.1) for different 
choices of V. 

If y = H^{G), then u is a generalized solution of the boundary value 
problem 

-/S.nu{x) = F{x) , X eG , ^ 

du{s) 



+ a{s)u{s) = g{x) , s G dG . 



(4.4) 



The boundary condition is said to be of third type at those points s G dG 
where a{s) ^ 0. 
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For an example of non-local boundary conditions, choose V = {v £ 
H^{G) : 7o(i') is constant}. Let g{s) = go and a{s) = ao be constants, and 
define a2(-, •) and / as above. Then u is a solution of the boundary value 
problem of fourth type 

-Anu{x) = F{x) , X £G , ^ 

u{s) = uq (constant) , s G dG , 

Note that S = K in this example and uq is not prescribed as data. Also, 
periodic boundary conditions are obtained when G is an interval. 



(4.5) 



4.3 

We consider a problem with a prescribed derivative on the boundary in a 
direction which is not necessarily normal. For simplicity we assume n = 2, 
let c G K, and define 

a(u,v) = / {diu(div + cd2V ) + d2u(d2V — cdiv )} (4.6) 
Jg 

ioT u,v eV = H^{G). Taking Vq = H^{G) gives A = -A2 and the classical 
Green's theorem shows that for u G H^{G) and v G H^{G) we have 

f f du Qu \ 
a{u,v) - {Au,v)L2iG) = J^^ + ^'^^ 

where 

du _ 

is the derivative in the direction of the tangent vector r = (1^2, — vi) on dG. 
Thus d is an extension of the oblique derivative in the direction v + ct on the 
boundary. If / is chosen as in (4.2), then Theorem 3.1 shows that problem 
(2.1) is equivalent to a wesk form of the boundaxy value problem 

~/^2u{x) = F{x) , X G G , 

du du , . „^ 
^ + c-=,(.), sedG. 
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4.4 

Let Gi and G2 be disjoint open connected sets with smooth boundaries dGi 
and dG2 which intersect in a manifold E of dimension n — 1. If z/i and 
1^2 denote the unit outward normals on dGi and dG2, then i^i(s) = —1^2(8) 
for s G S. Let G be the interior of the closure of G1UG2, so that 

dG = dGi U dG2 ~ (S ~ ^E) . 

For k = l,2, let 7^ be the trace map H^{Gk) L'^{dGk). Define V = H^{G) 
and note that ^qUi{s) = 70 112(5) for a.e. s € S when u € H^(G) and is 
the restriction of u to Gfc, A; = 1, 2. Thus we have a natural trace map 

j:H\G) L\dG) xL2(E) 

u I — > (70^^,70^1 Is) , 

where 7ow(s) = jQUf^{s) for s G dG^ ~ E, A; = 1, 2, and its kernel is given by 
Vo = H^{Gi) X H^{G2). 

Let ai G C^(Gi), 02 G C^(G2) and define 

a{u, v) = ai Vu • Vv + / a2Vu • Vv , v G F . 

The operator takes values in 'D*{Gi U G2) and is given by 



Au{x) = < 



-^dj{ai{x)dju{x)) , X G Gi , 
i=i 

n 

dj{a2{x)dju(x)) , X G G2 • 



The classical Green's formula applied to Gi and G2 gives 

a{u,v) - {Au,v)l2(g) = ai^—vi+ a2-^ V2 

^ ' JdGi OVi JdG2 dv2 

for u G H'^{G) and G H^(G). It follows that the restriction of the operator 
9 to the space H^{G) is given by du = {dou,diu) G Lp'{dG) x i^^(E), where 

UUh { S) 

dou{s) = ak{s) , a.e. s G dGk ~ S , k = l,2 , 

5 = ai s + a2 , s G S . 

OUi OU2 
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Let / be given as in Section 4.2. Then a solution of u of (2.1) is characterized 
by Theorem 3.1 as a weak solution of the boundary value problem 



ui e H^{Gi) , — ^ 5jai(x)5j-ui(a;) = F{x) , x e Gi , 

n 

U2 G H^{G2) , -^dja2{x)djU2{x) = F{x) , x e G2 , 



ai{s) =g{s) , 

^ du2{s) 

Ul{s) = U2{s) , 

, .dui(s) , .du2(s) 



dui dv2 

Since vi = —V2 on S, this last condition implies that the normal derivative 
has a prescribed jump on S which is determined by the ratio of ai{s) to 
02(5). The pair of equations on the interface E are known as transition 
conditions. 



4.5 

Let the sets Gi, G2 and G be given as in Section 4.4. Suppose Sq is an 
open subset of the interface E which is also contained in the hyperplane 
{x = {x',Xn) : = 0} and define V = {v e H^{G) : 70^1 |so G H^{T,o)}. 
With the scalar product 

{u, v)v = (u, v)hi(^g) + (7o^^, 7o'f^)m{Eo) , u,v eV , 

y is a Hilbert space. Let 7(14) = 7o(?i)|s be the corresponding trace operator 
V L^iS), so Kij) = H^{Gi) X H^{G2) contains C^{Gi U G2) as a dense 
subspace. Let a G L°°(So) and define the sesquilinear form 

a{u,v)= / Vu-Vv+ / aV' (ju) ■ V'Jyvj , u,veV . (4.7) 
Jg JT.0 

Where V' denotes the gradient in the first n — 1 coordinates. Then A = — A„ 
in P*(Gi U G2) and the classical Green's formula shows that du is given by 
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for u G H^{G) and v £ B. Since the range of 7 is dense in L^(S ~ Sq), it 
follows that if du = then 

dui{s) du2{s) 



dui 



+ 



0, 



s G S ~ S 







But 1^1 = —1^2 on E, so the normal derivative of u is continuous across 
E Eq. Since the range of 7 contains Cq°(So), it follows that if du = 
then we obtain the identity 



and this shows that 7w|so satisfies the abstract boundary value 

du2{s) dui{s) 



-An-i(7«)(s) = 



Mis) = , 



dun 



0, 



s G 9Eo n , 



where uq is the unit normal on SSq, the (n — 2)-dimensional boundary of 
Eo. 

Let F G Lp'iG) and /(?;) = {F,v)i2(^q^ for v G F. Then from Corollary 
3.2 it follows that (3.3) is a generalized boundary value problem given by 



-A„u(x) = F{x) , 
u{s) = , 

dui{s) du2{s) 



Ul{s) = U2{s) , 
-An-iu{s) 



du2{s) dui{s) 



du{s) 



, 



X G Gi U G2 , 

sedG , 

s G E ~ So , 

s G Eo , 

s G aEo - dOa 



(4.8) 



Nonhomogeneous terms could be added as in previous examples and similar 
problems could be solved on interfaces which axe not necessarily flat. 
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5 Coercivity; Elliptic Forms 
5.1 

Let G be an open set in K" and suppose we are given a collection of functions 
Qij) ^ h j n; Qj, < j < n, in L°°(G). Define the sesquilinear form 

^ f n n N 

a{u,v) = I < ^ aij(x)9iM(x)5j'u(x) + ^ aj(a;)9ju(x) • ^(a;) > da; (5.1) 

on H^{G). We saw in Section 4.1 that such forms lead to partial differential 
equations of second order on G. 

Definition. The sesquilinear form (5.1) is called strongly elliptic if there is 
a constant cq> Q such that 

n n 

Re J2 (^iji^Mj > CO E l^il' ' ^ = (^1' ■■■,^n)eK^ , xeG . (5.2) 

i,j=l j=l 

We shall show that a strongly elliptic form can be made coercive over (any 
subspace of) H^{G) by adding a sufficiently large multiple of the identity to 
it. 

Theorem 5.1 Let (5.1) be strongly elliptic. Then there is a Xq G R such 
that for every A > Aq, the form 

a{u,v) + X / u(x)v(x)dx 
Jg 

is H^{G) -coercive. 

Proof: Let Ki = max{||oj H^oo^q) : 1 < J < n} and Kg = essinf{Reoo(a;) : 
X e G}. Then, for 1 < j < n and each e > we have 

\{ajdjU,u)L2(^C)\ < Ki\\dju\\mG) ■ \Ml^{G) 

< iKj2)[e\\dju\\l,^a) + i^/^)\MlHG)) ■ 

We also have Re{aou,u)L2(^Q^ > Ko\\u\\'^2(^q), so using these with (5.2) in 
(5.1) gives 

Rea{u,u) > (cq - eKl/2)||Vu|||2.G^ 

(5-3) 

+{Ko - nKi/2£)||^i||2 , u e H\G) . 
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We choose e > so that Kie = cq. This gives us the desired result with 
Ao = {nKf/2co) - Kq. 

Corollary 5.2 For every A > Aq, the boundary value problem (4.2) is well- 
posed, where 

n n 

Au = — ^ djiflijdiu) + ^ djdjU + (ao + X)u . 

i,j=l j=l 

Thus, for every F € L'^{G), there is a unique u E D such that (4.2) holds, 
and we have the estimate 

II (A - Ao)u||i2(G) < ||i^||L2(G) • (5-4) 

Proof: The space D was defined in Section 2.2 and Corollary 3.2, so we 
need only to verify (5.4). For u e D and A > Aq we have from (5.3) 

(A- Ao)||u||^2(G) < a{u,u) + \{u,u)L2(G) = (^",«)l2(G) 
< P«IIl2(g) • \\u\\l^g) 
and the estimate (5.4) now follows. 

5.2 

We indicate how coercivity may be obtained from the addition of boundary 
integrals to strongly elliptic forms. 

Theorem 5.3 Let G be open in M" and suppose < Xn < K for all x = 
{x',Xn) G G. Let dG be a C^ -manifold with G on one side of dG. Let 
i'{s) = {vi{s), . . . , fnis)) be the unit outward normal on dG and define 

T, = {sedG: f„(s) > 0} . 

Then for all u G (G) we have 

I \u\^ <2K I |7o«(s)pds + 4K2 j |^^^|2 _ 
JG JT. JG 
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Proof: For u G C^{G), the Gauss Theorem gives 

/ ryn{s)sn\u{s)f ds = / Dn{xn\u{x)f)dx 





Thus, we obtain from the inequahty 



2|a| l&l < + 2ii:|6p , a,beC, 



the estimate 



/ i«P < / 

JG Jd 



.(s)pds + (l/2) / \u 



JG 




JG 



Since i'n{s)sn < for s G dG ~ S, the desired result follows. 

Corollary 5.4 // (5.1) is strongly elliptic, aj = for 1 < j <n, Reao(a;) > 
0, X & G, and ^/ S C F, then the mixed Dirichlet- Neumann problem (4.2) is 
well-posed. 

Corollary 5.5 If a e L°°{dG) satisfies 

ReQ!(x)>0, xedG, Rea(x)>c>0, xeT,, 

then the third boundary value problem (4.4) is well-posed. The fourth bound- 
ary value problem (4.5) is well-posed ^/Re(ao) > 0. 

Similar results can be obtained for the example of Section 4.3. Note that 
the form (4.6) satisfies 



so coercivity can be obtained over appropriate subspaces of II^{G) (as in 
Corollary 5.4) or by adding a positive multiple of the identity on G or bound- 
ary integrals (as in Corollary 5.5). Modification of (4.6) by restricting V, 
e.g., to consist of functions which vanish on a sufficiently large part of dG, 
or by adding forms, e.g., that are coercive over L^{G) or L'^{dG), will result 
in a well-posed problem. 

Finally, we note that the first term in the form (4.7) is coercive over 
IIq{G) and, hence, over L2(S). Thus, if Rea{x) > c> 0, x G Sq, then (4.7) 
is F-coercive and the problem (4.8) is well-posed. 
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5.3 

In order to verify that the sesquihnear forms above were coercive over certain 
subspaces of H^{G), we found it convenient to verify that they satisfied the 
fohowing stronger condition. 

Definition. The sesquihnear form o(-, •) on the Hilbert space V is V -elliptic 
if there is a c > such that 

Rea{v,v) > c\\v\\y , v eV . (5.5) 

Such forms wiU occur frequently in our following discussions. 

6 Regularity 

We begin this section with a consideration of the Dirichlct and Neumann 
problems for a simple elliptic equation. The original problems were to find 
solutions in H'^{G) but we found that it was appropriate to seek weak so- 
lutions in H^{G). Our objective here is to show that those weak solutions 
are in H'^{G) when the domain G and data in the equation are sufficiently 
smooth. In particular, this shows that the solution of the Neumann problem 
satisfies the boundary condition in Lp'i^dG) and not just in the sense of the 
abstract Green's operator constructed in Theorem 2.3, i.e., in B' . (See the 
Example in Section 2.3.) 

6.1 

We begin with the Neumann problem; other cases will follow similarly. 

Theorem 6.1 Let G he hounded and open in and suppose its houndary 
is a C'^ -manifold of dimension n — 1. Let aij € C^{G), 1 < i, j < n, and 
ttj € C^{G), < j < n, all have bounded derivatives and assume that the 
sesquilinear form defined by 

<^ aijdupdj-^ + ^ajdjif'il]\dx , (p,ip e H^{G) (6.1) 

is strongly elliptic. Let F G L'^(G) and suppose u € H^{G) satisfies 

aUv) = [ Fvdx , veH^(G) . (6.2) 
Jg 

ThenueH^{G). 
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Proof: Let {{(pk,Gk) : 1 < ^ < N} be coordinate patches on dG and 
{Pk < k < N} the partition-of-unity construction in Section II.2.3. Let 
Bk denote the support of < k < N. Since u = J2Wku) in G and each 
Bk is compact in M", it is sufficient to show the following: 

(a) u\B,nG e H'^iBk nG),l<k<N, and 

(b) pou G H^iBo). 

The first case (a) will be proved below, and the second case (b) will follow 
from a straightforward modification of the first. 



6.2 

We fix k, 1 < k < N, and note that the coordinate map tpk Q Gk 
induces an isomorphism : H"^{Gk n G) -)■ H'^{Q+) for m = 0,1,2 by 
^%{v) = V o ipi^. Thus we define a continuous sesquilinear form on H^{Q^) 

by 

((pl.(w), <y2fc(v)) = / \ OijdjwdjV + ajdjwv > dx . (6.3) 

By maJcing the appropriate change-of-variable in (6.3) and setting Wk = 
ifliw), Vk = fPkiv), we obtain 

a''{wk,Vk)= I ^'iA('^k)dj{vk) + Y,(^Pji'^k)vk\dy . (6.4) 
The resulting form (6.4) is strongly-elliptic on Q_|_ (exercise). 
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Let u be the solution of (6.2) and let v € H^{G O Gk) vanish in a neigh- 
borhood of dGk- (That is, the support of v is contained in Gk-) Then the 
extension of v to all of G as zero on G Gk belongs to {G) and we obtain 
from (6.4) and (6.2) 

«^('y^fe(^^)>V^fc(^)) = a{u,v) = / Fkipl{v)dy , 

Jq+ 

where = V%{F) ■ J{(pk) G L^(Q+). Letting V denote the space of those 
V € H^{Q^) which vanish in a neighborhood of dQ, and = (/?j^(u), we 
have shown that G H^{Qj^) satisfies 

of'{uk,Vk)= I FkVkdy , VkeV (6.5) 

Jq+ 

where a'^(-, •) is strongly elliptic with continuously differentiable coefficients 
with bounded derivatives and F^ G L^(Q+). We shall show that the restric- 
tion of Uk to the compact subset K = ip'^^{Bk) of Q belongs to H'^{Qj^f\K). 
The first case (a) above will then follow. 

6.3 

Hereafter we drop the subscript "fe" in (6.5). Thus, we have u € H^(Q^), 
F e L^{Q+) and 

a{u,v) = I Fv , V eV . (6.6) 

JQ+ 

Since K CC Q, there is by Lemma ILl.l a G Cq^{Q) such that < (p{x) < 
1 for X G Q and (p{x) = I for x G K. We shall first consider (p ■ u. 

Let u; be a function defined on the half-space K". For each /i G M we 
define a translate of w by 

(r?iiy)(xi, X2, . . . , x„) = w{xi +h,X2,..., Xn) 

and a difference of w by 

VhW = [ThW - w)/h 

if /i 7^ 0. 

Lemma 6.2 Ifw,v G L^(Q+) and the distance 6 of the support of w to dQ 
is positive, then 

{rhU!,v)mQ+) = iw,r-hv)L2(Q^) 
for allheR with \h\ < S. 
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Proof: This follows by the obvious change of variable and the observation 
that each of the above integrands is non-zero only on a compact subset of 

Q+- 

Corollary ||rfeu;||i2(Q_^) = ||w;||l2(q_^). 

Lemma 6.3 IfweV, then 

l|Vfew||L2(Q+) < \\diw\\L^{Q+) > 0<\h\<d . 

Proof: It follows from the preceding Corollary that it is sufficient to con- 
sider the case where w G C^{G) fl V. Assuming this, and denoting the 
support of w by supp(i(;), we have 

S/hw{x) = / diw{t, X2, ■ ■ ■ , Xn) dt , w & supp{w) . 
The Cauchy-Schwartz inequality gives 

/ fxi+h \ 1/2 

\'^hw{x)\^h'~^ yj \diw{t,X2,. . . ,Xn)f dtj , xeswpp{w), 
and this leads to 

r rxi+h 

\\^h'w\\h(Q+) < / \diw{t,X2,...,Xn)\'^dtdx 

= / / \diw{t + xi,X2, ■ ■ ■ jXn)]"^ dtdx 
Jq+ Jo 

= / / \diw{t + xi, . . . ,Xn)\'^ dx dt 
Jo Jq+ 




dlw\\L\Q+) ■ 



Corollary lim/i_^o(V/ii(;) = d\w in L^((5+). 

Proof: {Vfe : < < 5} is a family of uniformly bounded operators on 
so it suffices to show the result holds on a dense subset. 
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We shall consider the forms 

ah{w,v)= / I ^{Vhaij)diwdjV + ^{Vhaj)dj 

for w,v eV and \h\ < S, S being given as in Lemma 6.2. Since the coefficients 
in (6.5) have bounded derivatives, the mean-value theorem shows 

\ah{w,v)\ < C||u;||^^i(Q^) • \\v\\hi^q^) (6.7) 

where the constant is independent of w, v and h. Finally, we note that for 
w, V and h as above 

a{VhW, v) + a{w, V-hv) = -a_h{T-hW, v) . (6.8) 

This follows from a computation starting with the first term above and 
Lemma 6.2. 

After this lengthy preparation we continue with the proof of Theorem 
6.1. Prom (6.6) we have the identity 

a{Vh{^u),v) = {a{Vh{^u),v) + a{ipu,V -hv)} (6.9) 
+ {a(u, ipV-hv) - a{(pu, V-hv)} - {F, ipV-hv)L^Q+) 

for D G V and < \h\ < S, S being the distance from K to dQ. The first 
term can be bounded appropriately by using (6.7) and (6.8). The third is 
similarly bounded and so we consider the second term in (6.9). An easy 
computation gives 

a{u, (fV-hv) - a{ipu, V-hv) 

= / ] X! aij{diudj(pV-hV - dupuV -hidjv)) -^ajdjipuCV-hv) > ■ 

Q+ ^i,j=l j=l 

Thus, we obtain the estimate 

\a(yhi'pu),v)\ < C\\v\\h1(q^) , veV , 0<\h\<S , (6.10) 

in which the constant C is independent of h and v. Since a(-, •) is strongly- 
elliptic we may assume it is coercive (Exercise 6.2), so setting v = Vh{(pu) 
in (6.10) gives 

c||V;,(¥P«)||^i(Q^) < C\\Vh{vu)\\H^^Q^) , Q<\h\<5 , (6.11) 
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hence, {Vhi^u) : \h\ < 6} is bounded in the Hilbert space H^{Q^). By 
Theorem 1.6.2 there is a sequence hn ^ for which V/i„(<^m) converges 
weakly to some w G H^{Q+). But Vh^ifu) converges weakly in L^{Q^) to 
di{ipu), so the uniqueness of weak limits implies that di{(pu) = w E H^{Q+). 
It follows that di{(pu) G L^(Q_|-), and the same argument shows that each 
of the tangential derivatives dfu, c^lu, . . . , d^_iU belongs to L'^{K). (Recall 
if = lonK.) This information together with the partial differential equation 
resulting from (6.6) implies that a„„ • d^{u) G L'^{K). The strong ellipticity 
implies a^n has a positive lower bound on K, so d^^u G L'^{K). Since n 
and all of its derivatives through second order axe in L'^[K), it follows from 
Theorem II.5.5 that u G H'^{K). 

The preceding proves the case (a) above. The case (b) follows by using 
the differencing technique directly on f5QU. In particular, we can compute 
differences on [3qu in any direction. The details are an easy modification of 
those of this section and we leave them as an exercise. 



We discuss some extensions of Theorem 6.1. First, we note that the result 
and proof of Theorem 6.1 also hold if we replace H^{G) by Hq{G). This 
results from the observation that the subspace Hq{G) is invariant under mul- 
tiplication by smooth functions and translations and differences in tangential 
directions along the boundary of G. Thus we obtain a regularity result for 
the Dirichlet problem. 

Theorem 6.4 Let u G Hq{G) satisfy 



where the set G C R"' and sesquilinear form a(-, •) are given as in Theorem 
6.1, and F G L'^{G). Then u G H^{G). 

When the data in the problem is smoother yet, one expects the same to 
be true of the solution. The following describes the situation which is typical 
of second-order elliptic boundary value problems. 

Definition. Let F be a closed subspace of H^{G) with Hq{G) < V, and let 
a(-, •) be a continuous sesquilinear form on V. Then a(-, •) is called k-regular 
on V if for every F e (G) with < s < A; and every solution u eV of 



6.4 





a{u,v) = {F,v)l2,^g} > 



veV 
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we have u G 

Theorems 6.1 and 6.4 give sufficient conditions for the form a(-, •) given 
by (6.1) to be 0-regular over H^(G) and Hq{G), respectively. Moreover, we 
have the following. 

Theorem 6.5 The form a{-, •) given by (6.1) is k-regular over H^{G) and 
Hq{G) if dG is a C'^'^'' -manifold and the coefficients {aij,aj} all belong to 
C^+^{G). 

7 Closed operators, adjoints and eigenfunction ex- 
pansions 

7.1 

We were led in Section 2 to consider a Hnear map A : D —?■ H whose 
domain D is a subspace of the Hilbert space H. We shall call such a map 
an [unbounded) operator on the Hilbert space H. Although an operator is 
frequently not continuous (with respect to the if-norm on D) it may have 
the property we now consider. The graph of A is the subspace 

G{A) = {[x,Ax] :xeD} 

of the product H x H. (This product is a Hilbert space with the scalar 
product 

{[X1,X2], [yi,y2\)HxH = {xi,yi)H + {X2,y2)H ■ 

The addition and scalar multiplication are defined componentwise.) The 

operator A on is called closed if G{A) is a closed subset of H x H. That 
is, ^ is closed if for any sequence Xn & D such that Xn ^ x and Axn — > y in 
H, we have x & D and Ax = y. 

Lemma 7.1 If A is closed and continuous (i.e., \\Ax\\h < x G H) 

then D is closed. 

Proof: If x„ G -D and G H, then {a;„} and, hence, are 

Cauchy sequences. H is complete, so Axn y E H and G{A) being closed 
implies x & D. 

When D is dense in H we define the adjoint of A as follows. The domain 
of the operator A* is the subspace D* of all y G i? such that the map 
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X I— > {Ax,y)H : -D — 7> K is continuous. Since D is dense in H, Theorem 1.4.5 
asserts that for each such y € D* there is a unique A*y G H such that 

iAx,y) = ix,A*y) , x e D , y e D* . (7.1) 

Then the function A* : D* ^ H is clearly linear and is called the adjoint of 
A. The following is immediate from (7.1). 

Lemma 7.2 A* is closed. 

Lemma 7.3 If D = H, then A* is continuous, hence, D* is closed. 

Proof: If A* is not continuous there is a sequence x„ € D* such that 
= 1 and ||^*a;„|| — > oo. From (7.1) it follows that for each x € H, 

\{x,A*Xn)H\ = \{Ax,Xn)H\ < \\Ax\\h , 

so the sequence {A*Xn} is weakly bounded. But Theorem 1.6.1 implies that 
it is bounded, a contradiction. 

Lemma 7.4 If A is closed, then D* is dense in H. 

Proof: Let y e H, y ^ 0. Then [0,y] ^ G{A) and G(^) closed in H x H 
imply there is an / G (iJ x H)' such that f[G{A)] = {0} and f{0,y) + 0. In 
particular, let P : H x H ^ G{A)-^ he the projection onto the orthogonal 
complement of G{A) in H x H, define [u,v] = P[0,y], and set 

/(Xi, X2) = (u, Xi)h + (f , X2)h , Xi, X2 G -H" . 

Then we have 

= f{x, Ax) = (u, x)h + (v, Ax)h , X E D 

sove D*, and 7^ /(0,y) = {v,y)H- The above shows {D*)-^ = {0}, so D* 
is dense in H. 

The following result is known as the closed-graph theorem. 

Theorem 7.5 Let A be an operator on H with domain D. Then A is closed 
and D = H if and only if A & C{H). 
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Proof: If A is closed and D = H, then Lemma 7.3 and Lemma 7.4 imply 
A* G Then Theorem L5.2 shows (A*)* G But (7.1) shows 

A = {A*)*, so A G C{H). The converse in immediate. 

The operators with which we are most often concerned are adjoints of 
another operator. The preceding discussion shows that the domain of such an 
operator, i.e., an adjoint, is all of H if and only if the operator is continuous. 
Thus, we shall most often encounter unbounded operators which are closed 
and densely defined. 

We give some examples in H = L^{G), G = (0, 1). 



7.2 



Let D = Hq{G) and A = id. If [■u„,Au„] G G{A) converges to [u,v] in 
H X H, then in the identity 

/ Aun^pdx = —i UnDipdx , (p G C^{G) , 
Jo Jo 

we let n — >■ oo and thereby obtain 

/ v(pdx = -i [ u Dip dx , ip e C^ (G) . 
Jo Jo 

This means v = idu = Au and it„ — u in H^{G). Hence u G Hq{G), and 
we have shown A is closed. 

To compute the adjoint, we note that 

/ Auv dx = uf dx , u E Hq (G) 
Jo Jo 

for some pair v,/ G L^{G) if and only if v G H^{G) and / = idv. Thus 
D* = H^{G) and A* = id is a. proper extension of A. 



7.3 

We consider the operator A* above: on its domain D* = (G) it is given by 

A* = id. Since A* is an adjoint it is closed. We shall compute ^4** = (A*)*, 
the second adjoint of A. We first note that the pair [u,f] & H x H is in the 
graph of A** if and only if 

A*vu dx= [\fdx , ve (G) . 
Jo Jo 
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This holds for all v G Cq°{G), so we obtain idu 
the above and using Theorem II. 1.6, we obtain 



/. Substituting this into 



I / d{vu)dx= / {idv)u — v{idu) 
Jo Jo L 



dx = 



hence, v{l)u{l) - v{0)u{0) = for aU v G H^{G). But this imphes u{0) 
u{l) = 0, hence, u G Hq{G). Prom the above it follows that A** = A. 



7.4 

Consider the operator B = id on L'^{G) with domain D[B) = {u G H^{G) : 
u{0) = cu{l)} where c G C is given. If u, / G L'^{G), then B*v = / if and 
only if 

/ idu ■ vdx = / uf dx , u & D . 
Jo Jo 

But C^{G) < D implies v G H^{G) and z5u = /. We substitute this 
identity in the above and obtain 

= i [ d{uv ) dx = iu{l)[v(l) - cv{0)] , ueD . 
Jo 

The preceding shows that v G D{B*) only if w G i?"^(0, 1) and v{l) = 
cv(0). It is easy to show that every such v belongs to D{B*), so we have 
shown that D{B*) = {v e H^{G) : v{l) = cv{0)} and B* = id. 



7.5 

We return to the situation of Section 2.2. Let a(-, ■) be a continuous sesquilin- 

ear form on the Hilbert space V which is dense and continuously imbedded 
in the Hilbert space H. We let D be the set of all u G F such that the map 
V a{u, v) is continuous on V with the norm of H. For such a u G -D, there 
is a unique Au G H such that 

a(u, v) = {Au, v)h , u e D , V eV . (7.2) 

This defines a linear operator A on H with domain D. 

Consider the (adjoint) sesquilineax form on V defined by h{u, v) = a{v, u), 
u,v eV. This gives another operator B on H with domain D{B) determined 
as before by 



b{u, v) = {Bu, v)h , 



u G D{B) , veV 
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Theorem 7.6 Assume there is a X > and c > such that 



Re a(u,u) + \\u\% > c\\u\\y 



ueV . 



(7.3) 



Then D is dense in H, A is closed, and A* = B, hence, D* = D{B). 

Proof: Theorem 2.2 shows D is dense in H. If we prove A* = B, then by 

symmetry we obtain B* = A, hence A is closed by Lemma 7.2. 

Suppose V G D(B). Then for all u G D{A) we have {Au,v)h = a{u,v) = 
b{v,u) = {Bv,u)jj, hence, {Au,v)h = {u,Bv)h- This shows < D* and 

■^*\d{b) = B. We need only to verify that D{B) = D*. Let u G D*. Since 
S + A is surjective, there is a G D{B) such that {B + \)uq = {A* + \)u. 
Then for all u G D we have 

{{A + X)v, u)h = (f , [B + \)uq)h = a{v, uq) + X{v, uq)h 
= {{A + \)v,uq)h . 

But A+\ is a surjection, so this implies u = iiq G D{B). Hence, D* = D[B). 

For those operators as above which arise from a symmetric sesquilinear 
form on a space V which is compactly imbedded in we can apply the 
eigenfunction expansion theory for self-adjoint compact operators. 

Theorem 7.7 Let V and H he Hilbert spaces with V dense in H and assume 

the injection V ^ H is compact. Let A : D ^ H be the linear operator 
determined as above by a continuous sesquilinear form a{-, •) on V which we 
assume is V-elliptic and symmetric: 



a{u, v) = a{v, u) , 



u,v . 



Then there is a sequence {vj} of eigenfunctions of A with 



Avj = XjVj , \i^j\H = 1 ! 
{vi,Vj)H = , i^ j , 
< Ai < A2 < • • • < A„ ^ +00 as n +00 



> 



(7.4) 



and {vj} is a basis for H. 



Proof: From Theorem 7.6 it follows that A = A* and, hence, ^ ^ G C{H) 
is self-adjoint. The F-elliptic condition (5.5) shows that A~^ G C{H,V). 
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Since the injection V H is compact, it follows that A : H ^ V ^ H is 
compact. We apply Theorem 1.7.5 to obtain a sequence {vj} of eigenfunc- 
tions of A~^ which are orthonormal in H and form a basis for D = Rg(j4~^). 
If their corresponding eigenvalues are denoted by {/Xj}, then the symmetry 
of a(-, •) and (5.5) shows that each fij is positive. We obtain (7.4) by setting 
Xj = l/fij for J > 1 and noting that limj^oo jij = 0. 

It remains to show {vj} is a basis for H. (We only know that it is a basis 
for D.) Let f G H and u e D with Au = f. Let bjVj be the Fourier series 
for /) J2cjVj the Fourier series for u, and denote their respective partial 
sums by 

n n 
j=l i=l 

We know lim„_>.oo Un = u and lim„_>.oo fn = foo exists in H (cf. Exercise 
1.7.2). For each j > 1 we have 

bj = {Au,Vj)H = {u,Avj)H = XjCj , 

so Aun = fn for all n > 1. Since A is closed, it follows Au = foo, hence, 
/ = lim„_^oo fn as was desired. 

If we replace ^ by ^ + A in the proof of Theorem 7.7, we observe that 
ellipticity of a(-, •) is not necessary but only that a(-, •) + A(-, ■)h be F-elliptic 
for some A € M. 

Corollary 7.8 Let V and H he given as in Theorem 7.7, let a{-,-) be con- 
tinuous, sesquilinear, and symmetric. Assume also that 

a{v,v) + Xlvlfj > c\\v\\y , V &V 

for some A € K and c > 0. Then there is an orthonormal sequence of 
eigenfunctions of A which is a basis for H and the corresponding eigenvalues 
satisfy —A < Ai < A2 < • • • < A„ — > +00 as n ^ +00. 

We give some examples in H = L'^{G), G = (0,1). These eigenvalue 
problems are known as Sturm- Liouville problems. Additional examples are 
described in the exercises. 

7.6 

Let V = Hq(G) and define a{u, v) = dudv dx. The compactness of ^ — ?> 
H follows from Theorem II. 5. 7 and Theorem 5.3 shows a(-,-) is Hq{G)- 
elliptic. Thus Theorem 7.7 holds; it is a straightforward exercise to compute 
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the eigenfunctions and corresponding eigenvalues for the operator A = —d^ 
with domain D{A) = H^{G) n H'^{G): 

Vj{x) = 2sm{j'!Tx) , A = {jirf , j = 1, 2, 3, . . . . 

Since {vj} is a basis for L^{G), each F G L^{G) has a Fourier sine-series 
expansion. Similar results hold in higher dimension for, e.g., the eigenvalue 
problem 

{—Anv{x) = \v{x) , X e G , 
v(s) = , sedG , 

but the actual computation of the eigenfunctions and eigenvalues is difficult 
except for very special regions G C R". 

7.7 

Let V = H^{G) and choose a(-,-) as above. The compactness follows from 
Theorem II. 5. 8 so Corollary 7.8 applies for any A > to give a basis of 
eigenfunctions for A = -d"^ with domain D{^A) = {t> G iP{G) : v'{0) = 
v'{l) = 0}: 

Vo{x) = 1 , Vj{x) = 2cos(j7ra;) , j >1 , 

A,- = (i7r)2 , j>Q. 

As before, similar results hold for the Laplacean with boundary conditions 
of second type in higher dimensions. 

7.8 

Let a(-, •) be given as above but set V = {v & H^{G) : v{0) = v{l)}. Then 
we can apply Corollary 7.8 to the periodic eigenvalue problem (cf. (4.5)) 

—d'^v{x) = Xv{x) , < X < 1 , 

v{0) = v{l) , v'{0) = v'{l) . 

The eigenfunction expansion is just the standard Fourier series. 

Exercises 

1.1. Use Theorem 1.1 to show the problem — A„m = F in G, u = on dG is 
well-posed. Hint: Use Theorem II. 2. 4 to obtain an appropriate norm 
on H^iG). 
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1.2. Use Theorem 1.1 to solve (1.1) with the boundary condition du/dv+u = 
on dG. Hint: Use {u,v)v = {u,v)h-^(g) + (7^i 7^)^2(90) H^{G). 

2.1. Give the details of the construction of a,/3 in (2.2). 

2.2. Verify the remark on H = L'^{G) following (2.5) (cf. Section 1.5.3). 

2.3. Use Theorem 1. 1.1 to construct the F which appears after (2.6). Check 

that it is continuous. 

2.4. Show that a{u,v) = du{x)dv{x) dx, V = {u e H^{0, 1) : u{0) = 0}, 

and f{v) = f (1/2) are admissible data in Theorem 2.1. Find a formula 
for the unique solution of the problem. 

2.5. In Theorem 2.1 the continuous dependence of the solution u on the data 

/ follows from the estimate made in the theorem. Consider the two ab- 
stract boundary value problems AiUi = f and ^12^2 = / where / € V, 
and Ai,A2 G C{V,V') are coercive with constants ci,C2, respectively. 
Show that the following estimates holds: 

||W1-'"2|| < (1/Ci)||(^2 - ^l)^^2l| , 
\\U1-U2\\ < (1/C1C2)||X2- All 11/11 . 

Explain how these estimates show that the solution of (2.1) depends 
continuously on the form a(-, •) or operator A- 

3.1. Show (3.3) implies (3.1) in Theorem 3.1. 

3.2. (Non-homogeneous Boundary Conditions.) In the situation of Theorem 

3.1, assume we have a closed subspace Vi with Vq C Fi C F and 
uo &V. Consider the problem to find 

u , u — uq eVi , a{u, v) = f{v) , V eVi . 

(a) Show this problem is well-posed if a(-, ■) is Vi-coercive. 

(b) Characterize the solution hy u — Uq G Vi, u E Dq, Au 

du{v) +02(714, 7f) = g{'yv), v €Vi. 

(c) Construct an example of the above with Vq = Hq{G), V 

Vi = {v & V : v\y = 0}, where T C dG is given. 



F, and 
H\G), 
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4.1. Verify that the formal operator and Green's theorem are as indicated 

in Section 4.1. 

4.2. Characterize the boundary value problem resulting from the choice of 

V = {v ^ H^{G) : V = const, on Go} in Section 4.2, where Go C G is 
given. 

4.3. When G is a cube in R"^, show (4.5) is related to a problem on R"^ with 

periodic solutions. 

4.4. Choose V in Section 4.2 so that the solution « : M*^ ^ K is periodic in 

each coordinate direction. 

5.1. Formulate and solve the problem (4.8) with non-homogeneous data pre- 

scribed on dG and S. 

5.2. Find choices for V in Section 4.3 which lead to well-posed problems. 

Characterize the solution by a boundary value problem. 

5.3. Prove Corollary 5.4. 

5.4. Discuss coercivity of the form (4.6). Hint: Re(/gg ^uds) = 0. 

6.1. Show (6.4) is strongly-elliptic on 

6.2. Show that the result of Theorem 6.1 holds for a(-, •) if and only if it 

holds for a(-,-) + ^{■■,')l'^(g)- Hence, one may infer coercivity from 
strong ellipticity without loss of generality. 

6.3. If u G H^{G), show Vh{u) converges weakly in L'^{G) to di{u). 

6.4. Prove the case (b) in Theorem 6.1. 

6.5. Prove Theorem 6.5. 

6.6. Give sufficient conditions for the solution of (6.2) to be a classical solu- 

tion in G2(G). 

7.1. Prove Lemma 7.2 of Section 7.1. 

7.2. Compute the adjoint oi d : {v e H^{G) : v{0) = 0} ^^(G), G = 

(0,1). 
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7.3. Let D < H'^{G), G = (0,1), ai(-),a2(-) G C\G), and define L : D ^ 

L'^(G) by Lu = d^u + aidu + 0211. The formal adjoint of L is defined 
by 

L*v{^) = C v{x)L^dx , V e L^{G) , (f e Co°°(G) . 
Jo 

(a) Show L*v = d^v - d{aiv) + in V*{G). 

(b) If u,v G H^{G), then Jq{Luv — uL*v)dx = J(u, t;)|^~Q, where 

J(m, f) = vdu — udv + aiuv. 

(c) D{L*) = {v e H'^{G) : J{u,v)\lZl = 0, all u e D} determines the 

domain of the L^(G)-adjoint. 

(d) Compute D{L*) when L = + 1 and each of the following: 

(i) D = {u: u{0) = u'{0) = 0}, 

(ii) D = {u: u{Q) = u{l) = 0}, 

(iii) D = {u: u{0) = u'(0) = 

7.4. Let A be determined by {a(-,-),V,H} as in (7.2) and Ax by {a(-,-) + 

A(-, Off, V, H}. Show L>(^a) = D{A) and = A + A/. 

7.5. Let Hj,Vj be Hilbert spaces with Vj continuously embedded in Hj for 

j = 1,2. Show that if T G C{Hi,H2) and if Ti = Tly^ G L{Vi,V2), 
then Ti G /:(yi,1^2)- 

7.6. In the situation of Section 6.4, let a(-, ■) be 0-regular on V and assume 

a(-,-) is also ^-elliptic. Let A be determined by {a(-, ■), V, L^(G)} as 
in (7.2). 

(a) Show G £(L2(G),y). 

(b) Show A-^ G jC{L'^{G),H^{G)). 

(c) If a(-, •) is A;-regular, show A-P G L{L'^{G),H^+^{G)) if p is suffi- 

ciently large. 

7.7. Let A be self-adjoint on the complex Hilbert space H. That is, A = A*. 

(a) Show that if Im(A) / 0, then A— ^ is invertible and | Im(A)| \\x\\h < 

\\{\-A)x\\h for all x G D{A). 

(b) Rg(A - A) is dense in H. 



7. CLOSED OPERATORS, AD JOINTS ... 93 

(c) Show (X-A)-^ and \\{X-A)-^\\ < |Im(A)|-^ 

7.8. Show Theorem 7.7 appHes to the mixed Dirichlet-Neumann eigenvalue 

problem 

-d\ = Xv{x) , Q<x<l , v{0) = v'{l) = . 
Compute the eigenfunctions. 

7.9. Show Corollary 7.8 applies to the eigenvalue problem with boundary 

conditions of third type 

-d'^v{x) = Xv{x) , < X < 1 , 
dv{Q) - hv{0) = , dv{l) + hv{l) = , 

where h > 0. Compute the eigenfunctions. 

7.10. Take cc = 1 in Section 7.4 and discuss the eigenvalue problem Bv = Xv. 

7.11. In the proof of Theorem 7.7, deduce that {vj} is a basis for H directly 
from the fact that D = H. 



Chapter IV 



First Order Evolution 
Equations 

1 Introduction 

We consider first an initial-boundary value problem for the equation of heat 
conduction. That is, we seek a function u : [0, tt] x [0, oo] M which satisfies 
the partial differential equation 

Ut = Uxx , 0<X<7T,t>0 (1-1) 

with the boundary conditions 

u{0, 0=0, u(7r, t) = , t>0 (1.2) 
and the initial condition 

u{x,0) = uo{x) , < X < n . (1-3) 

A standard technique for solving this problem is the method of separation of 
variables. One begins by looking for non-identically-zero solutions of (1-1) 
of the form 

^(a;, t) = v{x)T{t) 
and is led to consider the pair of ordinary diflerential equations 

v" + \v = Q , T' + XT = 
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and the boundary conditions ^(0) = f (tt) = 0. This is an eigenvalue problem 
for v{x) and the solutions are given by Vn{x) = sin(na;) with corresponding 
eigenvalues A„ = for integer n> 1 (cf. Section II. 7.6). 

The second of the pair of equations has corresponding solutions 

and we thus obtain a countable set 

Un{x,t) = e"" *sin(na;) 

of functions which satisfy (1.1) and (1.2). The solution of (1.1), (1.2) and 
(1.3) is then obtained as the series 

oo 

u{x, t) = Y^ u'^e-"'"' sm{nx) (1.4) 

n=l 

where the {uq} are the Fourier coefficients 

2 

Uq = — uo{x) sm{nx) dx , n>l, 
TT Jo 

of the initial function uo{x). 

We can regard the representation (1.4) of the solution as a function 
t ^ S{t) from the non-negative reals to the bounded linear operators on 
L^[0,7r]. We define S{t) to be the operator given by 

S{t)uQ{x) = u{x,t) , 

so S{t) assigns to each function uq G L^[0,7r] that function u{-,t) £ L^[0,7r] 
given by (1.4). If ti,t2 G Mq", then we obtain for each uq G L^[0, tt] the 
equalities 

oo 

S{ti)uoix) = ^(^i^e-"'*i)sin(nx) 

n=l 

oo 

S{t2)S{ti)uoix) = ^(uSe-"'*i)sin(nx)e-"'*2 

n=l 

oo 

= ^u[Jsin(na;)e-"'(*i+*2) 

n=l 

= S{ti+t2)uo{x) . 
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Since uq is arbitrary, this shows that 

S{h)-S{t2) = S{ti+t2) , h,t2>0. 

This is the semigroup identity. We can also show that S{0) = I, the identity 
operator, and that for each uq, S{t)uQ — )■ uq in L^[0,7r] as t ^ 0^. Finahy, 
we find that each S{t) has norm < e~* in >C(L^[0, tt]). The properties of 
{S{t) : t > 0} that we have obtained here will go into the definition of 
contraction semigroups. We shall find that each contraction semigroup is 
characterized by a representation for the solution of a corresponding Cauchy 
problem. 

Finally we show how the semigroup {S{t) : t > 0} leads to a representa- 
tion of the solution of the non-homogeneous partial differential equation 

ut = Uxx + fix,t) , 0<X<TV,t>0 (1.5) 

with the boundary conditions (1.2) and initial condition (1.3). Suppose that 
for each t > 0, f{-,t) G L^[0,7r] and, hence, has the eigenfunction expansion 

fix, t) = f^ fnit) sin(nx) , fnit) = - r /(^, t) sin«) . (1.6) 

We look for the solution in the form uix,t) = Xl^i Unit) sin(nx) and find 
from (1.5) and (1.3) that the coefficients must satisfy 

<(t) + n'^Unit) = fnit) ,t>0, 
UniO) = u° , n > 1 . 

Hence we have 

Unit) = u^e-^"' + /* e-"'(*--)/„(r) dr 
Jo 

and the solution is given by 

ft PTT { O ^ 

uix,t) = Sit)uoix) + |- 5^^e-"'(*-")sin(nx)sin(nO |/(C,r)d^dr . 

But from (1.6) it follows that we have the representation 

ui; t) = Sit)uoi-) + r Sit - r)fi; r) dr (1.7) 
Jo 

for the solution of (1.5), (1.2), (1.3). The preceding computations will be 
made precise in this chapter and (1.7) will be used to prove existence and 
uniqueness of a solution. 
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2 The Cauchy Problem 

Let H he a Hilbert space, D{A) a subspace of H, and A G L{D{A),H). We 
shall consider the evolution equation 

u'{t) + Au{t) = . (2.1) 

The Cauchy problem is to find a function u G C([0, oo],H)riC^{{0, oo),H) 
such that, for t > 0, u{t) G D{A) and (2.1) holds, and u(0) = uq, where the 
initial value uq G H is prescribed. 

Assume that for every uq G D{A) there exists a unique solution of the 
Cauchy problem. Define S(t)uQ = u{t) for t > 0, uq & D{A), where u{-) 
denotes that solution of (2.1) with u{0) = uq. If uo,fo € D{A) and if 
a, 6 G M, then the function t aS{t)uo + bS{t)vo is a solution of (2.1), since 
A is linear, and the uniqueness of solutions then implies 

S{t){auo + bvo) = aS{t)uo + bS{t)vo • 

Thus, S{t) G L(D{A)) for all t > 0. If G D{A) and r > 0, then the 
function t S{t + t)uo satisfies (2.1) and takes the initial value S{t)uo. 
The uniqueness of solutions implies that 

Sit + t)uo = S{t)S{T)uo , UQ G D{A) . 

Clearly, S{0) = I. 

We define the operator A to be accretive if 

Re{Ax,x)H > , X G D{A) . 

If is accretive and if n is a solution of the Cauchy problem for (2.1), then 

Dt{\\u{t)f) = 2Re{u'{t),u{t))H 

= -2Re{Au{t),u{t))H <0 , t>0, 
so it follows that \\u{t)\\ < \\u{0)\\, t > 0. This shows that 

\\Sit)uo\\ < \\uo\\ , uo G D{A) , t>0 , 

so each S{t) is a contraction in the i7-norm and hence has a unique extension 
to the closure of D(A). When D{A) is dense, we thereby obtain a contraction 
semigroup on H. 
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Definition. A contraction semigroup on iif is a set {S(t) : t > 0} oi linear 
operators on H which are contractions and satisfy 

S{t + T) = S{t) ■ S{t) , S{0)=I ,t,T>0 , (2.2) 

S{-)x e C([0, oo),H) , xeH . (2.3) 

The generator of the contraction semigroup {S{t) : t > 0} is the operator 
with domain 

D(B) = \xeH: hm h-^(S(h) - I)x = L»+(5(0)x) exists in h\ 

and value Bx = Um;,^o+ h~^(S{h) — I)x = D^{S{Q)x). Note that Bx is the 
right-derivative at of S{t)x. 

The equation (2.2) is the semigroup identity. The definition of solution 
for the Cauchy problem shows that (2.3) holds for x € D{A), and an elemen- 
tary argument using the uniform boundedness of the (contraction) operators 
{S{t) : i > 0} shows that (2.3) holds for all x e H. The property (2.3) is 
the strong continuity of the semigroup. 

Theorem 2.1 Let A G L{D{A),H) be accretive with D{A) dense in H. 
Suppose that for every uq G D{A) there is a unique solution u G C^([0, oo), H) 
of (2.1) with u(0) = Uq. Then the family of operators {S{t) : t >Q} defined 
as above is a contraction semigroup on H whose generator is an extension 
of -A. 

Proof: Note that uniqueness of solutions is implied by A being accretive, 
so the semigroup is defined as above. We need only to verify that — yl is a 
restriction of the generator. Let B denote the generator of {S{t) : t > 0} 
and Uq G D{A). Since the corresponding solution u{t) = S{t)uo is right- 
differentiable at 0, we have 

S{h)uQ -uo= r u'{t) dt = - r Auit) dt , h>0 . 
Jo Jo 

Hence, we have D'^{S{0)uo) = —Auq, so uq G D{B) and Buq = —Auq. 

We shall see later that if —A is the generator of a contraction semigroup, 
then A is accretive, D(A) is dense, and for every uq G D{A) there is a unique 
solution u G C^{[0,oo), H) of (2.1) with u{0) = uq. But first, we consider a 
simple example. 
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Theorem 2.2 For each B G C-{H), the series Y^'^^q{B'^ /n\) converges in 
C{H); denote its sum by exp(S). The function t >-)• exp(tS) : R ^{H) is 
infinitely differentiable and satisfies 

D[eyip{tB)] = B ■ exp(iS) = exp(t5) B , teR . (2.4) 

// Si, ^2 e J0.{H) and if Bi- B2 = B2 - Bi, then 

exp(Si + B2) = exp(5i) • exp(52) . (2.5) 



Proof: The convergence of the series in JC(H) follows from that of 

T,n=o 1 1-^1 12(H)/"'' = expdl^ll) in R. To verify the differentiability of exp(iB) 

at t = 0, we note that 

00 

[{expitB) - I)/t\ -B = (l/t) {tBr/n\ , i 7^ , 
and this gives the estimate 



n=2 



(exp(iS) - I)/t - B\\ < {l/\t\) exp(|t| • \\B 



\t\ \\B\ 



Since t 1-^ exp(f||i?||) is (right) differentiable at with (right) derivative ||-Bl|, 
it follows that (2.4) holds at t = 0. The semigroup property shows that (2.4) 
holds at every t eM.. (We leave (2.5) as an exercise.) 



3 Generation of Semigroups 

Our objective here is to characterize those operators which generate contrac- 
tion semigroups. 

To first obtain necessary conditions, we assume that B : D{B) H 
is the generator of a contraction semigroup {S{t) : t > 0}. If t > and 
X G D{B), then the last term in the identity 

h-\S{t+h)x-S{t)x) = h-\S{h)-I)S(t)x = h'^ S{t){S{h)x-x) , h>0, 
has a limit as h ^ 0'^, hence, so also does each term and we obtain 
D+S{t)x = BS{t)x = S{t)Bx , X G D{B) , t>0 . 
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Similarly, using the uniform boundedness of the semigroup we may take the 
limit as ^ ^ 0"*" in the identity 

h-^ {S{t)x - S{t - h)x) = S{t - h)h-^ {S{h)x - x) , 0<h<t , 

to obtain 

D-S{t)x = S{t)Bx , X e D{B) , i > . 
We summarize the above. 

Lemma For each x G D{B), S{-)x G C^{W^,H), S{t)x G D{B), and 

S{t)x-x = C BS{s)xds = C S{s)Bxdx , i>0. (3.1) 

JQ Jo 

Corollary B is closed. 

Proof: Let Xn G -D(-B) with Xn ^ x and Bxn y in H. For each h > 
we have from (3.1) 

h~^{S{h)xn — Xn) = / S{s)Bxnds , n > 1 . 

Letting n — >■ oo and then /i ^ 0+ gives D~^S{0)x = y, hence, Bx = y. 

Lemma D{B) is dense in H; for each t > and x & H, jQS{s)xds G 
D{B) and 

S{t)x -x = B /* S{s)x ds , xeH , t>0 . (3.2) 

Proof: Define xt = Jq S{s)xds. Then for /i > 

h-\S{h)xt-xt) = h-^y^ S{h + s)xds- S{s)xds^ 

= h-^ I j*^'' S{s)x ds - S{s)x dsj . 
Adding and subtracting J^^ S{s)x ds gives the equation 

/•t+h ph 

h-^{S{h)xt - Xt) = h-^ / S{s)x ds - h'^ / S{s)x ds , 

Jt Jo 
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and letting shows that Xf G D{B) and Bxt = S{t)x — x. Finally, from 
t~^xt — > X as i ^ 0"'", it follows that D{B) is dense in H. 

Let A > 0. Then it is easy to check that {e~^*5(t) : t > 0} is a contraction 
semigroup whose generator is 5 — A with domain D{B). Prom (3.1) and (3.2) 
applied to this semigroup we obtain 

ft 

e-^^S{t)x-x = / e-^'S{s){B - X)xds , xeD{B),t>0, 
Jo 

rt 

e-^*S{t)y -y = {B-\) / e-^'S{s)y ds , yeH, t>0 . 

Jo 

Letting i — )■ oo (and using the fact that B is closed to evaluate the limit of 
the last term) we find that 

POO 

x= e-^'S{s){X- B)xds , x e D{B) , 
Jo 

/■oo 

y = {X-B) e-^'S{s)yds, y€H. 
Jo 

These identities show that A — S is injective and surjective, respectively, 
with 

/■oo 

\\iX-B)-'y\\< e-^'ds\\y\\ = X-'\\y\\ , y€H. 
Jo 

This proves the necessity part of the following fundamental result. 

Theorem 3.1 Necessary and sufficient conditions that the operator 

B : D{B) —^Hbe the generator of a contraction semigroup on H are that 

D{B) is dense in H and X — B : D{B) —^Hisa bijection with ||A(A — 
B)~^\\ciH) < 1 for all A > 0. 

Proof: (Continued) It remains to show that the indicated conditions on B 
imply that it is the generator of a semigroup. We shall achieve this as follows: 

(a) approximate B by bounded operators, Bx, (b) obtain corresponding 
semigroups {S\{t) : t > 0} by exponentiating Bx, then (c) show that S{t) = 
lim;^_>.oo Sxit) exists and is the desired semigroup. 

Since X — B : D{B) H is a bijection for each A > 0, we may define 
Bx = XB{X- B)-'^, A > 0. 

Lemma For each X > 0, Bx & >C(i7) and satisfies 

Bx = -X + X'^iX-B)-K (3.3) 
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For X G D{B), \\Bx{x)\\ < \\Bx\\ and limA^oo 5A(a;) = Bx. 

Proof: Equation (3.3) follows from {Bx+\){X-B)x = A^x, x G D{B). The 
estimate is obtained from B\ = A(A — B)~^B and the fact that A(A — B)~^ 
is a contraction. Finally, we have from (3.3) 

||A(A - B)-^x - x\\ = \\\-^Bxx\\ < \~^\\Bx\\ , A > , a; G D{B) , 

hence, \{X-B)-^x ^ x for all x G D{B). But D{B) dense and {\{\-B)-^} 
uniformly bounded imply A(A — B)~^x — >■ x for all x E H, and this shows 
Bxx = A(A - B)-^Bx Bx for x G D{B). 

Since Bx is bounded for each A > 0, we may define by Theorem 2.2 

Sx{t) = exp{tBx) , \>0 , t>0 . 

Lemma For each A > 0, {Sx{t) : t > 0} is a contraction semigroup on H 
with generator Bx- For each x G D{B), {Sx{t)x} converges in H as X ^ oo, 
and the convergence is uniform for t G [0, T], T > 0. 

Proof: The first statement follows from 

\\Sx{t)\\ = e-^*|| exp(A2(A - B)-H)\\ < e-^*e^* = 1 , 

and D(Sxit)) = BxSx{t). Furthermore, 

Sx{t) - S^it) = f DsS^{t - s)Sx{s) ds 
Jo 

= f S^{t - s)Sx{s)iBx -B^)ds , n,X>0, 
Jo 

in C{H), so we obtain 

\\Sx(t)x - Sf,{t)s\\ < t\\Bxx - Bfj,x\\ , X,n>0,t>0,xe D{B) . 

This shows {Sx{t)x} is uniformly Cauchy for t on bounded intervals, so the 
Lemma follows. 

Since each Sx{t) is a contraction and D{B) is dense, the indicated limit 
holds for all x ^ H, and uniformly on bounded intervals. We define S{t)x = 
limx-^oo Sx{t)x, X & H, t > 0, and it is clear that each S{t) is a linear 
contraction. The uniform convergence on bounded intervals implies t 
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S{t)x is continuous for each x G H and the semigroup identity is easily 
verified. Thus {S{t) : t > 0} is a contraction semigroup on H. If x € D{B) 
the functions S\{-)Bxx converge uniformly to S{-)Bx and, hence, for > 
we may take the limit in the identity 



This implies that D^{S{0)x) = Bx for x G D{B). If C denotes the generator 
of {S{t) :t>Q], we have shown that D{B) C D{C) and Bx = Cx for all 
X G D{B). That is, C is an extension of B. But I — B is surjective and 
/ — C is injective, so it follows that D{B) = D{C). 

Corollary 3.2 // —A is the generator of a contraction semigroup, then for 
each uq G D{A) there is a unique solution u G C^([0, oo), iJ) of (2.1) with 
u(0) = Uq. 

Proof: This follows immediately from (3.1). 

Theorem 3.3 // —A is the generator of a contraction semigroup, then for 
each uq G D{A) and each f G C^([0, oo),H) there is a unique u G C^([0, oo),H) 
such that ■u(O) = uq, u{t) G D(A) for t >0, and 




to obtain 




X G D{B) , h>0 . 



u'{t) + Au{t) = fit) , 



t>0 . 



(3.4) 



Proof: It suffices to show that the function 




t>0 , 



satisfies (3.4) and to note that g{0) = 0. Letting z = t — t we have 



(git + h)- g{t))/h = f S{z){f{t + h-z)-f{t- z))h-^ dz 



Jo 
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so it follows that g'{t) exists and 




Furthermore we have 





{g{t + h)- g{t))/h = h-H S{t + h-r)f{T)dT- S{t 




= {S{h)-I)h-' f S{t-T)f{T)dT 



-1 



rt+h 



+h 




(3.5) 



Jt 

Since g'{t) exists and since the last term in (3.5) has a limit as — )• 0+, it 
follows from (3.5) that 



and that g satisfies (3.4). 

4 Accretive Operators; two examples 

We shall characterize the generators of contraction semigroups among the 
negatives of accretive operators. In our applications to boundary value prob- 
lems, the conditions of this characterization will be more easily verified than 
those of Theorem 3.1. These applications will be illustrated by two examples; 
the first contains a first order partial diff'erential equation and the second is 
the second order equation of heat conduction in one dimension. Much more 
general examples of the latter type will be given in Section 7. 

The two following results are elementary and will be used below and 
later. 

Lemma 4.1 Let B G £(i?) with \\B\\ < 1. Then [I - B)'^ G C{H) and is 
given by the power series X^^o ^i^)- 

Lemma 4.2 Let A G L{D{A),H) where D{A) < H, and assume {ji - Ay^ G 
C{H), with II e C. Then (A - A)''^ e C{H) for \ e C, if and only if 
[I — {fx — A)()U — 7l)~^]~^ G jO,{H), and in that case we have 




(A - A)-' = (/X - Ar'[I - (/X - A)(m - ArT' ■ 
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Proof: Let B = I -{fj,- A)(/x - A)'^ and assume B'^ G C{H). Then we 
have 

(A - A){^i - A)-'B-' = [(A + A)]{^i - A)-'B-' 
= [{X-,,){fi-A)-'+I]B-'=I , 

and 

ifi - A)-'B-\X -A) = {^^- A)-'B-'[{X + A)] 

= ifi- A)-^B'\B{h- A)] = I , on D{A) . 

The converse is proved similarly. 

Suppose now that —A generates a contraction semigroup on H. Prom 
Theorem 3.1 it follows that 

||(A + ^)x|| > A||x|| , \>0,xeD{A), (4.1) 

and this is equivalent to 

2Re{Ax,x)H > -\\Axf/X , X>0 , xe D{A) . 

But this shows A is accretive and, hence, that Theorem 3.1 implies the 
necessity part of the following. 

Theorem 4.3 The linear operator —A : D{A) H is the generator of a 
contraction semigroup on H if and only if D{A) is dense in H , A is accretive, 
and X + A is surjective for some A > 0. 

Proof: (Continued) It remains to verify that the above conditions on the 
operator A imply that —A satisfies the conditions of Theorem 3.1. Since A 
is accretive, the estimate (4.1) follows, and it remains to show that A + A is 

surjective for every A > 0. 

We are given (// + A)~^ € ^{H) for some > and ||/u(/i + ^)~"^|| < 1. 
For any A G C we have ||(A — /x)(// + ^)~^|| < |A — //|///, hence Lemma 4.1 
shows that / — (A — )u)(A + A)~^ has an inverse which belongs to C{H) if 
|A — )u| < /i. But then Lemma 4.2 implies that (A + ^4)""^ G ^{H)- Thus, 
(/X + A)-^ G C{H) with > implies that (A + A)'^ G C{H) for all A > 
such that |A — /x| < fi, i.e., < A < 2/x. The result then follows by induction. 
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Example 1. Let H = L'^{0,1), c G C, D{A) = {u e H^{0,1) ■ u{0) = 
cu{l)}, and A = d. Then we have for u € H^{0, 1) 



2Re{Au,u)H = [\du-u + du-u) = \u{l)f - \u{0)f 
Jo 



Thus, A is accretive if (and only if) |c| < 1, and we assume this hereafter. 
Theorem 4.3 implies that —A generates a contraction semigroup on L^(0, 1) 
if (and only if) I + A is surjective. But this follows from the solvability of 
the problem 

u + du = f , u{0) = cu(l) 
for each / G L'^{0, 1); the solution is given by 



Jo 



u{x) = / G{x, s)f{s) ds , 



G{x,s) 



[e/(e - c)]e-(^-^) , < s < a; < 1 , 
[c/(e - c)]e-(^-^) , < X < s < 1 . 



Since —A generates a contraction semigroup, the initial boundary value prob- 
lem 

dtu{x, t) + da:u{x, t) = , < x <1 , t>0 (4.2) 
u{0,t) = cu{l,t) (4.3) 
u{x, 0) = uo{x) (4.4) 

has a unique solution for each uq G D{A). This can be verified directly. 
Since any solution of (4.2) is locally of the form 

u{x,t) = F{x - t) 

for some function F; the equation (4.4) shows 

u{x, t) = uq{x — t), < t < X < 1 . 

Then (4.3) gives u{0,t) = cuo{l -t), <t <l, so (4.2) then implies 

u{x, t) = CUo(l + X — t) , X < t < X + 1 . 

An easy induction gives the representation 

u(x, t) = c"'uo{n + X — t) , n — l + x<t<n + l,n>l. 
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The representation of the solution of (4.2)-(4.4) gives some additional 
information on the solution. First, the Cauchy problem can be solved only if 
uq G D{A), because u{-,t) G D{A) implies u{-,t) is (absolutely) continuous 
and this is possible only if uq satisfies the boundary condition (4.3). Second, 
the solution satisfies u(-,t) € H^{0,1) for every t > 1 but will not belong 
to i?2(o, 1) unless Ouq G D{A). That is, we do not in general have u{-,t) G 
H^{0, 1), no matter how smooth the initial function uq may be. Finally, the 
representation above defines a solution of (4.2)-(4.4) on — oo < t < oo by 
allowing n to be any integer. Thus, the problem can be solved backwards 
in time as well as forward. This is related to the fact that —A generates a 
group of operators and we shall develop this notion in Section 5. Also see 
Section V.3 and Chapter VI. 

Example 2. For our second example, we take H = L^{0, 1) and let A = 
-d"^ on D{A) = -ffo(0, 1) n i?^(0, 1). An integration-by-parts gives 

{Au,u)H=f \duf , ueD{A), 
Jo 

so A is accretive, and the solvability of the boundary value problem 

u-d'^u = f , u{0) = , u{l) = , (4.5) 

for / G i^(0, 1) shows that / -|- ^ is surjective. (We may either solve (4.5) 
directly by the classical variation-of-paxameters method, thereby obtaining 
the representation 

i{x) = [ G{x, s)f{s) ds , 
Jo 

' sinh(l — x) sinh(s) 



G{x,s) 



sinh(l) 
sinh(l — s) sinh(a;) 



< s < a; < 1 
< a; < s < 1 



sinh(l) 

or observe that it is a special case of the boundary value problem of Chap- 
ter III.) Since —A generates a contraction semigroup on L^(0, 1), it follows 
from Corollary 3.2 that there is a unique solution of the initial-boundary 
value problem 

dtu-dlu = , <x <1 , t>0 

u{0,t) = 0, u{l,t) = 0, (4.6) 

u{x, 0) = uo{x) 
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for each initial function uq € D{A). 

A representation of the solution of (4.6) can be obtained by the method 
of separation-of- variables. This representation is the Fourier series (cf. (1.4)) 



and it gives information that is not available from Corollary 3.2. First, (4.7) 
defines a solution of the Cauchy problem for every uq € 1/^(0, 1), not just for 
those in D{A). Because of the factor e~" * in the series (4.7), every derivative 
of the sequence of partial sums is convergent in L^(0, 1) whenever t > 0, and 
one can thereby show that the solution is infinitely differentiable in the open 
cylinder (0, 1) x (0, oo). Finally, the series will in general not converge if t < 0. 
This occurs because of the exponential terms, and severe conditions must 
be placed on the initial data uq in order to obtain convergence at a point 
where t < 0. Even when a solution exists on an interval [— T, 0] for some 
T > 0, it will not depend continuously on the initial data (cf.. Exercise 1.3). 
The preceding situation is typical of Cauchy problems which are resolved 
by analytic semigroups. Such Cauchy problems axe (appropriately) called 
parabolic and we shall discuss these notions in Sections 6 and 7 and again in 
Chapters V and VI. 

5 Generation of Groups; a wave equation 

We are concerned here with a situation in which the evolution equation can 
be solved on the whole real line M, not just on the half-line W^. This is the 
case when —A generates a group of operators on H. 

Definition. A unitary group on iJ is a set {G{t) : t G R} of linear operators 
on H which satisfy 



The generator of this unitary group is the operator B with domain 




(4.7) 



G{t + r) = G{t) ■ G{t) , G(0) = / , 
G{-)x eC{M,H) , xeH, 
WGmciH) = I , tern. 



t,T eR , 



(5.1) 
(5.2) 
(5.3) 
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with values given by Bx = liuih^o {G{h) — I)x = D{G{{))x), the (two- 
sided) derivative at of G{t)x. 

Equation (5.1) is the group condition, (5.2) is the condition of strong 
continuity of the group, and (5.3) shows that each operator G{t), t G M, is 
an isometry. Note that (5.1) imphes 

G{t) ■ G{-t) = 1 , teM, 

so each G{t) is a bijection of H onto H whose inverse is given by 

G-\t) = G{-t), tER. 

If S G C{H), then (5.1) and (5.2) are satisfied by G{t) = exp(tS), t £ R 
(cf.. Theorem 2.2). Also, it follows from (2.4) that B is the generator of 
{G{t) iteM.} and 

D{\\G{t)xf) = 2Re{BGit)x,Git)x)H , x eH , teR , 

hence, (5.3) is satisfied if and only if Re(Sx, x)h = for all x & H. These 
remarks lead to the following. 

Theorem 5.1 The linear operator B : D{B) —?■ H is the generator of a 
unitary group on H if and only if D{B) is dense in H and X — B is a 
bijection with ||A(A - B)~^\\c[h^ < 1 for all \ e R, \ 0. 



Proof: If B is the generator of the unitary group {G{t) : t G R}, then 
B is the generator of the contraction semigroup {G{t) : t > 0} and —B is 
the generator of the contraction semigroup {G{—t) : t > 0}. Thus, both B 
and —B satisfy the necessary conditions of Theorem 3.1, and this implies the 
stated conditions on B. Conversely, if S generates the contraction semigroup 
{5+(t) : t > 0} and —B generates the contraction semigroup {S-{t) : t > 0}, 
then these operators commute. For each xq G D{B) we have 

D[S+{t)S-{-t)xo] = , t>0, 

so S-^.{t)S-{—t) = I, t>0. This shows that the family of operators defined 

by 

S+{t) , i > 



G{t) 



S-i-t) , t<0 
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satisfies (5.1). The condition (5.2) is easy to check and (5.3) fohows from 



Finally, it suffices to check that B is the generator of {G{t) : t G R} and 
then the result follows. 

Corollary 5.2 The operator A is the generator of a unitary group on H if 
and only if for each uq € D{A) there is a unique solution u £ C^{R,H) of 
(2.1) with u{0) = uo and \\u{t)\\ = \\uo\\, t eR. 

Proof: This is immediate from the proof of Theorem 5.1 and the results of 
Theorem 2.1 and Corollary 3.2. 

Corollary 5.3 // A generates a unitary group on H , then for each uq € 
D(A) and each f G C^{R,H) there is a unique solution u G C^{R,H) of 
(3.3) and u{Q) = uq. This solution is given by 



Finally, we obtain an analogue of Theorem 4.3 by noting that both +A 
and —A axe accretive exactly when A satisfies the following. 

Definition. The linear operator A G L(D{A), H) is said to be conservative 



Corollary 5.4 The linear operator A : D{A) H is the generator of a 
unitary group on H if and only if D{A) is dense in H , A is conservative, 
and X + A is surjective for some A > and for some A < 0. 



Example. Take H = L'^{0, 1) x L'^{0, 1), D{A) = H^{0, 1) x H\0, 1), and 



1 = \\G{t) ■ Gi-t)\\ < ||G(t)|| • ||G(-t)|| < ||G(i)|| < 1 . 




if 



Re{Ax, x)h = , 



X e D{A) . 



define 



A[u, v] 



[—idv, idu] 



[u, v] G D{A) . 



Then we have 




i / {dv ■ u 
Jo 




du - v) , 



[u, v] G D{A) 
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and an integration-by-parts gives 

x=l 

2Re(A[u,v],[u,v])H = i{u{x)v(x) — u(x)v(x)) =0, (5.4) 

x=0 

since u{0) = u{l) = 0. Thus, is a conservative operator. If A 7^ and 
[h,f2]eH, then 

X[u, v] + A[u, v] = [/i, M , [u, v] G D{A) 

is equivalent to the system 

-d'^u + A^u = A/i - idf2 , u e H^{0, 1) , (5.5) 
-idu + Xv = f2 , ve H^{Q, 1) . (5.6) 

But (5.5) has a unique solution u € -f^o(0, 1) by Theorem III.2.2 since A/i — 
idf2 {HqY from Theorem II. 2. 2. Then (5.6) has a solution v € -^^(0, 1) 
and it follows from (5.6) that 

{iX)dv = Xfi-X^u G l2(0,1) , 

sove H^{0, 1). Thus A -I- ^ is surjective for A 7^ 0. 

Corollaries 5.3 and 5.4 imply that the Cauchy problem 



Du{t) + Au{t) = [0,fit)] , te 
u(0) = [uo,vo] 



(5.7) 



is well-posed for G H^{0, 1), vq G H^{0, 1), and / G C^{R,H). Denoting 
by u{t), v{t), the components of u{t), i.e., u{t) = [u{t),v{t)], it follows that 
u G C^(R, L^(0, 1)) satisfies the wave equation 

dfu{x, t) - dlu{x, t) = fix, t) , < X <1 , t eR , 

and the initial-boundary conditions 

u{0,t) = u{l,t) = 

u{x,0) = uo{x) , dtu{x,0) = —ivo{x) . 
See Section VI. 5 for additional examples of this type. 
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6 Analytic Semigroups 

We shall consider the Cauchy problem for the equation (2.1) in the spe- 
cial case in which ^ is a model of an elliptic boundary value problem (cf. 
Corollary 3.2). Then (2.1) is a corresponding abstract parabolic equation 
for which Example 2 of Section IV.4 was typical. We shall first extend the 
definition of (A + A)"^ to a sector properly containing the right half of the 
complex plane C and then obtain an integral representation for an analytic 
continuation of the semigroup generated by —A. 

Theorem 6.1 Let V and H be Hilbert spaces for which the identity V ^ H 
is continuous. Let a -.V xV ^ C he continuous, sesquilinear, and V -elliptic. 
In particular 

|o('U,i;)| < ifllull ||i'|| , u^v G V , 

'Rea{u,u) > cHulp , u&V , 

where < c < K . Define 

D{A) = {ueV : \a{u,v)\ < Ky,\v\H , veV} , 

where depends on u, and let A G L(D{A), H) be given by 

a{u,v) = {Au,v)h , u e D{A) , v gV . 

Then D{A) is dense in H and there is a Oq, < Oq < tt/A, such that for each 
A G S'(7r/2 + 6'o) = {zeC: |arg(z)| < 7r/2 + 6'o} we have {X + A}-^ G jC{H). 
For each 6, < 6 < Oq, there is an Mq such that 

\\\{\ + A)-^\\ci^H)<Me , \GS{e + TT/2). (6.1) 

Proof: Suppose A G C with A = a + cr > 0. Since the form u, v ^ 

a{u, v) + \{u, v)h is F-elliptic it follows that \ + A: D{A) H is surjective. 
(This follows directly from the discussion in Section III. 2. 2; note that A is 
the restriction of A to D{A) = D.) Furthermore we have the estimate 

clf^lff < Re{a('u, u) + X{u, u)h} < |(^ + A)u|ij , u G D{A) , 
so it follows that 



(7(A + ^)-^|| < 1 , Re(A) = c7>0 



(6.2) 
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Prom the triangle inequality we obtain 

\T\\u\%-K\\u\\'^<\Im{{\ + A)u,u)H\, ueD{A), (6.3) 
where r = Im(A). We show that this implies that either 

\Im{{X + A)u,u)h\ > i\r\/2)\u\% (6.4) 

or that 

Re{{X + A)u,u)H > {c/2K)\t\ {uljj . (6.5) 

If (6.4) does not hold, then substitution of its negation into (6.3) gives 
(kl/2)lhll|- < But we have 

Re((A + A)u, u)h > cH'ully 

so (6.5) follows. Since one of (6.4) or (6.5) holds, it follows that 

\{{X + A)u,u)h\ > {c/2K)\t\\u\]j , ueD{A) , 

and this gives the estimate 

\\t{\ + A)-^\\<2K/c , A = a + iT,a>0. (6.6) 

Now let A = cr + zr G C with r 7^ and set jj, = it. Prom (6.6) we have 

||(m + ^)-'|| <2i^/cH , 

so Lemma 4.1 shows that 

||[7 - (A - Ai)(/x + Ay^'W < [1 - |A - f^\2K/c\f,\]-' 

whenever |cr|/|T| = (A — < c/2K. 

Prom Lemma 4.2 we then obtain (A + A)~^ G ^{H) and 

||A(A + ^)-i|| < (2K/c)(|a|/|T|+l)(l-2i^|a|/c|r|)-^ , 

\ = a + iT, \a\/\T\ <c/2K . (6.7) 

Theorem 6.1 now follows from (6.2) and (6.7) with 6*0 = tan"^(c/2is:). 

Prom (6.2) it is clear that the operator —A is the generator of a contrac- 
tion semigroup {S{t) : t > 0} on H. We shall obtain an analytic extension 
of this semigroup. 
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Theorem 6.2 Let A G L{D{A),H) be the operator of Theorem 6.1. Then 
there is a family of operators {T{t) : t £ S{9o)} satisfying 

(a) T{t + r) = T{t) ■ T{t) , t,T e 5(^o) , 

and for x,y G H, the function 1 (T{t)x,y)H is analytic on S{6o); 

(b) for t e S{eo), T{t) G L{H,D{A)) and 

-^ = A.T{t)eC{H); 

(c) if < e < 6q, then for some constant C{e), 

\\T{t)\\ < C{e)\\tAT{t)\\ < C{8) , t e S{eo - e) , 
and for x e H, T(t) x ast^O,te S{6o - e). 

Proof: Let 9 be chosen with 6q/2 < < Oq and let C be the path consisting 
of the two rays | arg(z)| = 7r/2 + 6, \z\ > 1, and the semi-circle {e** : \t\ < 
9 + -k/2} oriented so as to run from oo • e~*('^/2+^) to oo • e'('^/2+^). 
If t e S{29 - Oo), then we have 

|arg(Ai)| > |argA| - |argt| > 7r/2 + (6lo - 6*) , A G C , |A| > 1 , 
so we obtain the estimate 

Re(At) < - sin(6lo - 6')|Ai| , t G S{29 - 9o) . 
This shows that the (improper) integral 

T{t) = ^ [ e^\X + A)-UX , teS{29-9o) (6.8) 

zvrz Jc 

exists and is absolutely convergent in C{H). U x,y & H then 

iT{t)x, y)H = ^J^ e^*((A + A)-^x, y)H dX 

is analytic in t. If C is a curve obtained by translating C to the right, then 
from Cauchy's theorem we obtain 

{T{t)x, y)H = ^ I e^'*((A' + A)-^x, y)H dX' . 
Zm Jc' 
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Hence, we have 



T{t) = ^ f e^'\X' + A)-UX' , 
2m Jc' 



since x,y are arbitrary and the integral is absolutely convergent in C{H). 
The semigroup identity follows from the calculation 

T(t)T(T) = (-^y f f e^'^+^\X' + A)-\X + A)-UXdX' 
\2mJ Jc Jc 

j^^ e^'^(A' + A)-^^^j^e^\X - A')"' dX^ dX' 



\27TiJ 



2m Jc 



=A(t+T) 



(A + A)-^ dX = T{t + r) , 



where we have used Pubini's theorem and the identities 

(A + A)-\X' + A)'^ = (A - A')-'[(A' + A)-^ - (A + A)-^ 

[ e^\X - X')-'^ dX = , [ e^'^{X-X')~'^dX' = -2me 
Jc Jc 

Since 6 € (6q/2,9o) is arbitrary, (a) follows from above. 
Similarly, we may differentiate (6.8) and obtain 



Ar 



dt 



2irt Jc 



(6.9) 



dX 



dX . 



Since A is closed, this implies that for t G S{29 — Oq), Oq/2 < 6 < Oq, we 
have 

dT{t) 



dt 



= AT{t) e C{H) 



so (b) follows. 
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We next consider (c). Letting 9 = Oq — e/2, we obtain from (6.1) and 
(6.8) the estimate 

||r(0||<^/^|e^Vll(A + ^)-'||d|A| 

- 27r Jc |A| ■ 

Since ReXt < — sin(e/2) • \Xt\ in this integral, the last quantity depends only 
on e. The second estimate in (c) follows similarly. 

To study the behavior of T{t) for t e S{9o — s) close to 0, we first note 
that if a; G D{A) 

T(t)x-x = — I e^HiX + A)-^ -X-^)xdX 
2iri Jc 

= — f e^*(X + A)-^AxdX/X , 

27rz Jc 

and, hence, we obtain the estimate 

l|T(t)x-x||<|t|||{/^e-'"C/^)l«l|^}||Ax||. 

Thus, T{t)x X as t ^ with t € ^(^o - e)- Since D{A) is dense and 
{T{t) : t € 5(^0 ~ s)} is uniformly bounded, this proves (c). 

Definition. A family of operators {T{t) : t € S{9o) U {0}} which satisfies 
the properties of Theorem 6.2 and T{0) = I is called an analytic semigroup. 

Theorem 6.3 Let A be the operator of Theorem 6.1, {T{t) : t G S{9o)} be 
given by (6.8), and T(0) = I. Then the collection of operators {T{t) : t >0} 
is the contraction semigroup generated by —A. 

Proof: Let uq e H and define u{t) = T{t)uo, t > 0. Theorem 6.2 shows 
that li is a solution of the Cauchy problem (2.1) with n(0) = uq. Theorem 
2.1 implies that {T(t) : t > 0} is a contraction semigroup whose generator 
is an extension of — ^. But / + ^ is surjective, so the result follows. 

Corollary 6.4 If A is the operator of Theorem 6.1, then for every uq ^ H 
there is a unique solution u G C{[0, oo), H) n C°°((0, oo), i?) of (2.1) with 
u{0) = Uq. For each t > 0, u{t) G D{A^) for every p>l. 
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There are some important differences between Corollary 6.4 and its coun- 
terpart, Corollary 3.2. In particular we note that Corollary 6.4 solves the 
Cauchy problem for all initial data in H, while Corollary 3.2 is appropriate 
only for initial data in D{A). Also, the infinite differentiability of the so- 
lution from Corollary 6.4 and the consequential inclusion in the domain of 
every power of A at each t > are properties not generally true in the sit- 
uation of Corollary 3.2. These regularity properties are typical of parabolic 
problems (cf.. Section 7). 

Theorem 6.5 If A is the operator of Theorem 6.1, then for each uq & H 
and each Holder continuous / : [0, oo) — )■ H: 



where K and a are constant, < a < 1, there is a unique u G C([0, oo), H)r\ 
C^((0, oo), H) such that u(0) = uq, u{t) G D{A) for t> 0, and 



\\f{t)-f{T)\\<K{t-T) 



a 



0<T<t , 



u'{t) + Au{t) = fit) , 



t>0 . 



Proof: It suflttces to show that the function 




t>0 , 



is a solution of the above with uq = 0. Note first that for t > 



g{t)= fT{t-T){f{T)-f{t))dT+ fT{t-T)dT-f{t) 



from Theorem 6.2(c) and the Holder continuity of / we have 



A-T{t- T){f{T) - f{t))\\ < C{0o)K\t - T 



a-l 



and since A is closed we have g{t) G D{A) and 



Ag{t) = Af Tit - T){f{T) - fit)) dT + {I- T{t)) ■ fit) 
Jo 



The result now follows from the computation (3.5) in the proof of Theorem 
3.3. 
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7 Parabolic Equations 

We were led to consider the abstract Cauchy problem in a Hilbert space H 

u'{t) + Au{t) = f{t) , t>0 ; u{0) = no (7.1) 

by an initial-boundary value problem for the parabolic partial differential 
equation of heat conduction. Some examples of (7.1) will be given in which 

is an operator constructed from an abstract boundary value problem. 
In these examples A will be a linear unbounded operator in the Hilbert 
space L^{G) of equivalence classes of functions on the domain G, so the 
construction of a representative U{-,t) of u{t) is non-trivial. In particular, 
if such a representative is chosen arbitrarily, the functions t U{x,t) need 
not even be measurable for a given x E G. 

We begin by constructing a measurable representative U{-,-) of a solution 
u{-) of (7.1) and then make precise the correspondence between the vector- 
valued derivative u'{t) and the partial derivative dtU{-,t). 

Theorem 7.1 Let I = [a,b], a closed interval in M and G be an open (or 
measurable) set in M". 

(a) If u € C{I,L'^{G)), then there is a measurable function J7 : / — > M such 

that 

u{t) = U{-,t), tel. (7.2) 

(b) If u e C^ {I , L"^ {G)) , U and V are measurable real-valued functions on 

G X I for which (7.2) holds for a.e. t e I and 

u'{t) = V{-,t) , a.e. tel, 
then V = dtU in V*{G x /). 

Proof: (a) For each t e I, let Uo{-,t) be a representative of u{t). For each 
integer n > 1, let a = to < ti < ■ ■ ■ < tn = b he the uniform partition of / 
and define 

■ Uo{x, tk) , tk<t < tk+i , /c = 0, 1, . . . , n - 1 

. Uo{x,t) , t = tn . 

Then J7„ : G x / ^ M is measurable and 

lmi\\Un{;t) - u(t)\\L2^G) =0 , 



Un{x,t) 
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uniformly for t & I. This implies 

lim / / \Um - UJ'^ dx dt = 

m,n-^oo J J J Q 

and the completeness of L^(G x /) gives aU & L'^{G x I) for which 

lim / / \U -Un\'^dxdt = . 
J I Jg 

It follows from the above (and the triangle inequality) 

J^\\u{t)-U{;t)\\l,^a)dt = 

so u{t) = U{-,t) for a.e. t £ I. The desired result follows by changing u{t) 
to Uo(-,t) on a set in / of zero measure. 

(b) Let $ G Co°°(G X /). Then (p{t) = defines (p G C^{I,L'^{G)). 

But for any (p G Cq°{I, L^{G)) and u as given 

- J^{u{t), <p'it))L2^G) dt = j(u'{t),^{t))L2^G) dt , 
and thus we obtain 

-// U{x,t)Dt^x,t)dxdt= I I V(x,t)^{x,t)dxdt . 
J I Jg J I Jg 

This holds for all $ G Cq^{G x /), so the stated result holds. 

We next consider the construction of the operator A appearing in (7.1) 
from the abstract boundary value problem of Section III.3. Assume we axe 
given Hilbert spaces V d and B with a linear surjection ^ : V ^ B 
with kernel Vq. Assume 7 factors into an isomorphism of V/Vq onto B, the 
injection V ^ H m continuous, and Vq is dense in H, and H is identified 
with H' . (Thus, we obtain the continuous injections Vq ^ H ^ Vq and 
V ^ H ^ v.) (Cf. Section III.2.3 for a typical example.) 

Suppose we are given a continuous sesquilinear form a\ •.VxV^'K and 
define the formal operator Ai G CiV^ Vq) by 

Aiu{v) = ai{u,v) , G y , u G Vo . 

Let Dq = {u ^V : Ai{u) G H} and denote by di G L{Dq,B') the abstract 
Green's operator constructed in Theorem III.2.3. Thus 



ai{u,v) - {Aiu,v)h = diu{-i{v)) , 



■u G -Do , V eV 
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Suppose we are also given a continuous sesquilinear form 02 : -B x 5 — >■ K 
and define ^2 e £(5, B') by 

A2u{v) = a2{u,v) , u,v E B . 

Then we define a continuous sesquilinear form on V by 

a{u,v) = ai{u,v) + a2{'y{u),j{v)) , u,v eV . 

Consider the triple {a{-,-),V,H} above. Prom these we construct as in 
Section 6 an unbounded operator on H whose domain D{A) is the set of all 
u eV such that there is an F G for which 

a{u,v) = {F,v)h , V eV . 

Then define A G L{D{A),H) by Au = F. (Thus, A is the operator in 
Theorem 6.1.) Prom Corollary III.3.2 we can obtain the following result. 

Theorem 7.2 Let the spaces, forms and operators be as given above. Then 
D{A) C Dq, a = and u G L){A) if and only if u E V, Aiu G H, 

and d\u + A2{'y{u)) = in B' . 

(We leave a direct proof as an exercise.) We obtain the existence of a weak so- 
lution of a mixed initial-boundary value problem for a large class of parabolic 
boundary value problems from Theorems 6.5, 7.1 and 7.2. 

Theorem 7.3 Suppose we are given an abstract boundary value problem 

as above (i.e., Hilbert spaces V,H,B, continuous sesquilinear forms ai{-,-), 
a2(-, •), and operators 7, di, Ai and A2) and that H = L'^{G) where G is an 
open set in K"^. Assume that for some c > 

Re ^ai{v,v) + 02(7(1'), 7(1;)) | > c\\v\\y , v . 

Let Uq € L'^{G) and a measurable F : G X [0,T] K be given for which 
F{-, t) G L2(G) for all t G [0, T] and for some K G L'^{G) and a, < a < 1, 
we have 

\F{x,t)-F{x,T)\<K{x)\t-T\'^ , a.e. xGG,tG[0,r]. 
Then there exists a U e L'^{G x [0, T]) such that for allt>0 

U{;t) eV , dtU{;t) + AiU{;t)=F{;t) in L''{G), 

and diU{-,t) +A2{jU{-,t)) =0 in B' , 
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and 



lim / \U(x,t) -UoixM"^ dx = 



We shall give some examples which illustrate particular cases of Theorem 
7.3. Each of the following corresponds to an elliptic boundary value problem 
in Section III.4, and we refer to that section for details on the computations. 

7.1 

Let the open set G in K", coefficients aij, aj € L'^{G), and sesquilinear 
form a(-,-) = ai(-,-), and spaces H and B be given as in Section III. 4.1. 
Let Uq € L'^{G) be given together with a function F : G x [0, T] ^ K as in 
Theorem 7.3. If we choose 

V = {veH^{G):^Qv{s) = Q , a.e. s G L} 

where L is a prescribed subset of dG, then a solution U of (7.3) satisfies 



dtU - dj{aijdiU) + ^ ajdjU = F in L^{G x [0,T]) , 



U{s,t) = 0, 
dU{s,t) 



duA 



= 



j=0 

t > , a.e. s G r , and 
t>0 , a.e. sedGr^r , 



(7.4) 



where 



dU 



n , n s 



denotes the derivative in the direction determined by {aij) and the unit 
outward normal v on dG. The second equation in (7.4) is called the boundary 
condition of jirst type and the third equation is known as the boundary 
condition of second type. 



7.2 

Let y be a closed subspace of H^{G) to be chosen below, H = L'^{G), 
Vq = H^{G) and define 

ai(u,v) = / Vu-Vv, u,vE:V. 
Jg 
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Then Ai = — A„ and di is an extension of the normal derivative d/dv on 
dG. Let a G L°^{dG) and define 

a2{<p,ip) = / q;(s)</7(s)V'(s) ds , V,ip & L'^{dG) . 
JdG 

(Note that B C L2(aG) C B' and ^2<^ = a • v?-) Let Uq G L2(G) and F be 
given as in Theorem 7.3. Then (exercise) Theorem 7.3 asserts the existence 
of a solution of (7.3). If we choose V = H^{G), this solution satisfies 



dtU - AnU = F in L'^{G x [0,r]) , 

^^^^^ + a{s)U{s,t) = , t>0, a.e. s e dG 

If we choose V = {v G H^{G) : = constant}, then U satisfies 

dtU - A„C/ = F in L'^{G x [0, T]) , 
U{s,t) = uo{t) , t>0, a.e. s e dG , 

[ ^^(^'^) ds+ [ a(s)ds-uo(t) = 0, t>0. 
JdG OV JdG > 



(7.5) 



(7.6) 



The boundary conditions in (7.5) and (7.6) axe known as the third type and 
fourth type, respectively. Other types of problems can be solved similarly, 
and we leave these as exercises. In particular, each of the examples from 
Section III.4 has a counterpart here. 

Our final objective of this chapter is to demonstrate that the weak solu- 
tions of certain of the preceding mixed initial-boundary value problems are 
necessarily strong or classical solutions. Specifically, we shall show that the 
weak solution is smooth for problems with smooth or regular data. 

Consider the problem (7.4) above with F = 0. The solution u{-) of the 
abstract problem is given by the semigroup constructed in Theorem 6.2 as 
u{t) = T{t)uQ. (We are assuming that a(-, •) is ^-elliptic.) Since T{t) G 
L{H,D{A)) and AT{t) G C{H) for all t > 0, we obtain from the identity 
(T(i/m))™ = T{t) that T{t) G L{H,D{A'^)) for integer m > 1. This is an 
abstract regularity result; generally, for parabolic problems D{A^) consists 
of increasingly smooth functions as m gets large. Assume also that a(-, ■) is 
A;-regular over V (cf. Section 6.4) for some integer A; > 0. Then A~^ maps 
H'{G) into H'^+%G) for < s < fc, so i:>(^™) C H'^^'' whenever 2m>2 + k. 
Thus, we have the spatial regularity result that u{t) G i?^+'^(G) for alH > 
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when a(-, •) is ^-elliptic and fe-regular. One can clearly use the imbedding 
results of Section 11.4 to show U{-, t) G CP{G) when 2(2 + k) >2p + n. 

We consider the regularity in time of the solution of the abstract problem 
corresponding to (7.4). First note that A"^ : D{A'^) H defines a scalar 
product on D{A"^) for which D{A'^) is a Hilbert space. Fix t > r > and 
consider the identity 

{l/h){u{t + h)- u{t)) = A-'^[{l/h)(T{t + h-T)-T{t- T))A'^u{t)] 

for < \h\ < t — T. Since A'^u{t) € H, the term in brackets converges in 

H, hence u'{t) G D{A^) for all t > and integer m. This is an abstract 
temporal regularity result. Assume now that a{-, •) is fc-regulax over V. 
The preceding remarks show that the above difference quotients converge to 
u'{t) = dtU{-,t) in the space H'^^^{G). The convergence holds in C^{G) if 
2(2 + k) > 2p + n as before, and the solution U is a classical solution for 
p > 2. Thus, (7.4) has a classical solution when the above hypotheses hold 
for some k > n/2. 

Exercises 

I. 1. Supply all details in Section 1. 

1.2. Develop analogous series representations for the solution of (1.5) and 

(1.3) with the boundary conditions 

(a) Ux{0,t) = Ux{Tr,t) = of Neumann type (cf. Section III. 7.7), 

(b) u{0,t) = u{TV,t), Ux{0,t) = Ux{TT,t) of periodic type (cf. Section 

III.7.8). 

1.3. Find the solution of the backward heat equation 

ut + Uxx = 0, 0<x<7r,i>0 

subject to u{0,t) = u{TT,t) = and u{x,Q) = sin{nx)/n. Discuss the 
dependence of the solution on the initial data u{x, 0). 

2.1. If A is given as in Section III.7.C, obtain the eigenfunction series rep- 
resentation for the solution of (2.1). 
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2.2. Show that ifu,ve C\{0,T),H), then 

Dt{u{t),v{t))H = {u'{t),v{t))H + {u{t),v'{t))H , 0<t<T . 

2.3. Show (2.3) holds for all x£H. 

2.4. Verify (2.5). 

3.1. If {S'(f)} is a contraction semigroup with generator B, show that {e~^*S{t)} 

is a contraction semigroup for A > and that its generator is B — \. 

3.2. Verify the limits as t — )■ oo in the two identities leading up to Theorem 

3.1. 

3.3. Show B{X - B)-i = (A - B)-^B for B as in Theorem 3.1. 

3.4. Show that Theorem 3.3 holds if we replace the given hypothesis on / 

by / : M+ ^ D{A) and Af{-) G C([0, oo), H). 

4.1. Prove Lemma 4.1. 

4.2. Show that the hypothesis in Theorem 4.3 that D{A) is dense in H is 

unnecessary. Hint: If x G D{A)^, then x = {X+A)z for some z G D{A) 
and z = 9. 

4.3. Show that (4.1) follows from A being accretive. 

4.4. For the operator A in Example 4(a), find the kernel and range oi \ + A 

for each A > and c with |c| < 1. 

4.5. Solve (4.5) by the methods of Chapter III. 

4.6. Solve (4.5) and (4.6) when the Dirichlet conditions are replaced by Neu- 

mann conditions. Repeat for other boundary conditions. 

5.1. Show that operators {S'+(i)} and {S-{t)} commute in the proof of The- 

orem 5.1. 

5.2. Verify all details in the Example of Section 5. 

5.3. If A is self-adjoint on the complex Hilbert space H, show iA generates 

a unitary group. Discuss the Cauchy problem for the Schrodinger 
equation ut = zA„u on K" x K. 
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5.4. Formulate and discuss some well-posed problems for the equation dtu + 
dlu = for < a; < 1 and t > 0. 

6.1. Verify all the estimates which lead to the convergence of the integral 

(6.8). 

6.2. Finish the proof of Theorem 6.5. 

6.3. Show that f{t) = ds is Holder continuous if F(-) € LP{0,T;H) 

for some p> 1. 

6.4. Show that for < e < and integer n > 1, there is a constant Ce^n for 

which ||t"7l"T(i)|| < C£,„ for t G ^(^o - e) in the situation of Theorem 
6.2. 

7.1. In the proof of Theorem 7.1(a), verify lim„_^oo "'"(Oil — ^- 

Theorem 7.1(b), show cp G C^{I,L^{G)). 

7.2. Give a proof of Theorem 7.2 without appealing to the results of Corol- 

lary III.3.2. 

7.3. Show that the change of variable u{t) = e^^v{t) in (7.1) gives a cor- 

responding equation with A replaced by ^ + A. Verify that (7.4) is 
well-posed if ai(-, •) is strongly elliptic. 

7.4. Show that (7.3) is equivalent to (7.5) for an appropriate choice of V. 

Show how to solve (7.5) with a non-homogeneous boundary condition. 

7.5. Show that (7.3) is equivalent to (7.6) for an appropriate choice of V. 

Show how to solve (7.6) with a non-homogeneous boundary condition. 
If G is an interval, show periodic boundary conditions are obtained. 

7.6. Solve initial-boundary value problems corresponding to each of exam- 

ples in Sections 4.3, 4.4, and 4.5 of Chapter III. 

7.7. Show that u{t) = T{t)uQ converges to uq in D{A^) if and only if uq G 

D{A^). Discuss the corresponding limit limj^o+ ^('j*) in (7.4). 



Chapter V 

Implicit Evolution Equations 



1 Introduction 

We shall be concerned with evolution equations in which the time-derivative 
of the solution is not given explicitly. This occurs, for example, in problems 
containing the pseudoparabolic equation 

dtu{x,t) — ad'^dtu{x,t) — d'^u{x,t) = f{x,t) (1.1) 

where the constant a is non-zero. However, (1.1) can be reduced to the stan- 
dard evolution equation (3.4) in an appropriate space because the operator 
/ — ad^ which acts on dtu{x,t) can be inverted. Thus, (1.1) is an example 
of a regular equation; we study such problems in Section 2. Section 3 is 
concerned with those regular equations of a special form suggested by (1.1). 

Another example which motivates some of our discussion is the partial 
differential equation 

m{x)dtu{x,t) — d^u{x,t) = f{x,t) (1.2) 

where the coefficient is non-negative at each point. The equation (1.2) is 
parabolic at those points where m(x) > and elliptic where m{x) = 0. 
For such an equation of mixed type some care must be taken in order to 
prescribe a well posed problem. If m{x) > almost everywhere, then (1.2) 
is a model of a regular evolution equation. Otherwise, it is a model of a 
degenerate equation. We study the Cauchy problem for degenerate equations 
in Section 4 and in Section 5 give more examples of this type. 
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2 Regular Equations 

Let be a Hilbert space with scalar-product (•, ■)m and denote the corre- 
sponding Riesz map from Vm onto the dual V^hy M. That is, 

Mx{y) = {x, y)m , x,y eVm ■ 

Let D he a subspace of Vm and L : D ^ a linear map. If uq G Vm 
and / € C{{0,oo),V^) are given, we consider the problem of finding u G 
C([0, oo), Vm) n CH(0, oo), Vm) such that 

Mu'{t) + Lu{t) = fit) , t>0 , (2.1) 

and u{0) = uq. 

Note that (2.1) is a generalization of the evolution equation IV(2.1). If 
we identify Vm with Vm by the Riesz map M. (i.e., take M. = I) then (2.1) 
reduces to IV(2.1). In the general situation we shall solve (2.1) by reducing 
it to a Cauchy problem equivalent to IV(2.1). 

We first obtain our a-priori estimate for a solution «(■) of (2.1), with 
/ = for simplicity. For such a solution we have 

Dt{u{t),u{t))m = -2Re Lu{t){u{t)) 
and this suggests consideration of the following. 

Definition. The linear operator L : D Vm with D < Vm is monotone (or 
non-negative) if 

ReLa;(a;) > , x e D . 
We call L strictly monotone (or positive) if 

ReLx{x) >0, X e D , X ^ . 

Our computation above shows there is at most one solution of the Cauchy 
problem for (2.1) whenever L is monotone, and it suggests that Vm is the 
correct space in which to seek well-posedness results for (2.1). 

To obtain an (explicit) evolution equation in Vm which is equivalent to 
(2.1), we need only operate on (2.1) with the inverse of the isomorphism M, 
and this gives 



u'{t)+M~^oLu{t)=M'^f{t) , t>0 



(2.2) 
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This suggests we define A = oL with domain D{A) = D, for then (2.2) 
is equivalent to IV(2.1). Furthermore, since M. is the Riesz map determined 
by the scalar-product (■, we have 

{Ax,y)m = Lx{y) , x e D , y e Vm ■ (2.3) 

This shows that L is monotone if and only if A is accretive. Thus, it follows 
from Theorem IV. 4. 3 that —A generates a contraction semigroup on Vm if 
and only if L is monotone and I + Ais surjective. Since M.(I + A) = M. + L, 
we obtain the following result from Theorem IV. 3. 3. 

Theorem 2.1 Let M. he the Riesz map of the Hilbert space Vm with scalar 
product {■,-)m O'lT'd let L be linear from the subspace D ofVm into V^. As- 
sume that L is monotone and A4 + L : D ^ is surjective. Then, for 
every f G C^([0, oo), V^) and uq & D there is a unique solution u{-) of (2.1) 
with m(0) = uq. 

In order to obtain an analogue of the situation in Section IV. 6, we suppose 
L is obtained from a continuous sesquilinear form. In particular, let V be 
a Hilbert space for which y is a dense subset of Vm and the injection is 
continuous; hence, we can identify C V. Let £{■, •) be continuous and 
sesquilinear on V and define the corresponding linear map C : V ^ V hy 

Cx{y) = e{x,y) , x,y eV . 

Define D = {xeV -.Cxe V^} and L = C\d. Then (2.3) shows that 

^{x,y) = {Ax,y)m , x e -D , y e F , 

so it follows that A is the operator determined by the triple {(■{■, ■),V,Vm} 
as in Theorem IV.6.1. Thus, from Theorems IV. 6. 3 and IV. 6. 5 we obtain 
the following. 

Theorem 2.2 Let Ai he the Riesz map of the Hilbert space Vm with scalar- 
product (•,-)m- Let be a continuous, sesquilinear and elliptic form on 
the Hilbert space V , which is assumed dense and continuously imbedded in 
Vm, and denote the corresponding isomorphism of V onto V by C Then 
for every Holder continuous f : [0, oo) V^ and uq G Vm, there is a unique 
u G C([0,oo),F„) n Ci((0,oo),F„) such that «(0) = uq, Cu{t) G for 
t>Q, and 

Mu'{t) + Cu{t) = f{t) , t > . (2.4) 
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We give four elementary examples to suggest the types of initial-boundary 
value problems to which the above results can be applied. In the first three 
of these examples we let Vm = Hoi^^ 1) ^^^^ the scalar-product 

{u, v)m. = / {uv + adudv ) , 

where a > 0. 
2.1 

Let D = {ue H'^{0, 1) n H^{0, 1) : u'(0) = cu'(l)} where |c| < 1, and define 
LU = -d^u. Then we have Lu{(p) = {d'^u,d(fi) for ip e H^{0,1), and (cf., 
Section IV.4) 

2Re Lu{u) = \u'{l)f - \u'{0)\'^ > , ueD . 
Thus, Theorem 2.1 shows that the initial-boundary value problem 

{dt - adldt)U{x, t) - dlU{x, t) = , 0<x <1 , t>0 , 
U{0, t) = U{1, t) = , d:,U{Q, t) = cd^U{\, t) , t>Q , 
U{x,0) = Uo{x) 
has a unique solution whenever Uq G D. 

2.2 

Let V = H^{Q,1) and define 

£{u,v) = / d^u-d^v, u,v&V. 
Jo 

Then D = H^{0, 1) n H^(0, 1) and Lu = d^u, u e D. Theorem 2.2 then 
asserts the existence and uniqueness of a solution of the problem 

{dt - adldt)U{x, t) + diU{x, t) = , < x <1 , t > , 

U{0, t) = U{1, t) = d^U{0, t) = dr,U{l, t) = , t>0 , 

U{x,0) = Uo{x) , 0<a;<l, 

for each Uq G H^{0,1)- 
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2.3 



Let V = H^{Q, 1) and define 



iiu,v)= [ 



1 



dudv , 



u,v &V . 



Then D = V = Vm and Lu = -d'^u, u e D. Prom either Theorem 2.1 or 2.2 
we obtain existence and uniqueness for the problem 

{dt - adldt)U{x,t) - dlU{x,t) = 0, 0<x<l,t>0, 

U{Q,t) = U{l,t) =Q , t>0, 

U{x,Q) = Uo{x) , 0<x<l, 

whenever Uq & D = V^. 



For our last example we let Vm be the completion of Cq°(G) with the scalar- 
product 



We assume G is open in and m G L°°{G) is given with m{x) > for 
a.e. X € G. (Thus, Vm is the set of measurable functions u on G for which 
m^/'^u G Let V = H^{G) and define 



Then Theorem 2.2 implies the existence and uniqueness of a solution of the 
problem 



2.4 




e(u, v) = / Vu-Vv , 
Jg 



u,v eV . 



m{x)dtU{x,t) - AnU{x,t) = , 



X eG , t> , 



U{s,t) = 0, 



sedG , t>Q , 



U{x,0) = Uo{x) 



xeG . 



Note that the initial condition is attained in the sense that 
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The first two of tlie preceding examples illustrate the use of Theorems 
2.1 and 2.2 when A4 and L are both differential operators with the order 
of L strictly higher than the order of M. The equation in (2.2) is called 
metaparabolic and arises in special models of diffusion or fluid flow. The 
equation in (2.3) arises similarly and is called pseudoparabolic. We shall 
discuss this class of problems in Section 3. The last example (2.4) contains 
a weakly degenerate parabolic equation. We shall study such problems in 
Section 4 where we shall assume only that m{x) > 0, x E G. This allows the 
equation to be of mixed type: parabolic where m{x) > and elliptic where 
m{x) = 0. Such examples will be given in Section 5. 

3 Pseudoparabolic Equations 

We shall consider some evolution equations which generalize the example 
(2.3). Two types of solutions will be discussed, and we shall show how these 
two types differ essentially by the boundary conditions they satisfy. 

Theorem 3.1 Let V be a Hilbert space, suppose m{-, •) and £{■, •) are con- 
tinuous sesquilinear forms on V , and denote by Ai and C the corresponding 
operators in C{V,V'). (That is, Aix{y) = m{x,y) and Cx{y) = £{x,y) for 
x,y E V .) Assume that m(-,-) is V -coercive. Then for every uq & V and 
f e C{R,V'), there is a unique u G C^{R,V) for which (2.4) holds for all 
t and u{0) = uq. 

Proof: The coerciveness assumption shows that A4 is an isomorphism of 
V onto V, so the operator A = o £ belongs to JC-{V). We can define 
eyop{—tA) G JC{V) as in Theorem IV.2.1 and then define 



Since the integrand is continuous and appropriately bounded, it follows that 
(3.1) is a solution of (2.2), hence of (2.1). We leave the proof of uniqueness 
as an exercise. 

We call the solution u(-) given by Theorem 3.1 a weak solution of (2.1). 
Suppose we are given a Hilbert space H in which y is a dense subset, contin- 
uously imbedded. Thus H C V and we can define D{M) = {v & V : A4v G 
H}, D{L) = {v & V : Cv ^ H} and corresponding operators M = M\i:)(^m) 




t>0 . (3.1) 
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and L = CId^j^^ in H. A solution u{-) of (2.1) for which each term in (2.1) 
belongs to C{R,H) (instead of C{R,V')) is called a strong solution. Such a 
function satisfies 

Mu'{t) + Lu{t) = f{t) , teR . (3.2) 

Theorem 3.2 Let the Hilbert space V and operators M,C G jC(y,V') be 
given as in Theorem 3.1. Let the Hilbert space H be given as above and define 
the domains D(M) and D{L) and operators M and L as above. Assume 
D{M) C D{L). Then for every uq G D{M) and f G C{R,H) there is a 
(unique) strong solution u{-) of (3.2) with u{0) = uq. 

Proof: By making the change-of-variable v{t) = e~^^u{t) for some A > 
sufficiently large, we may assume without loss of generality that D{M) = 
D{L) and £(■, •) is F-coercive. Then L is a bijection onto H so we can define a 
norm on D(L) by ||i'||d(_l) = H-LiiHj:/, v G D(L), which makes D{L) a Banach 
space. (Clearly, D{L) is also a Hilbert space.) Since £{■, •) is F-coercive, it 
follows that for some c > 

cll'ully < , V G D{L) , 

and the continuity of the injection V ^ H shows then that the injection 

D{L) y is continuous. The operator A = M~^C G Ciy) leaves invariant 
the subspace D{L). This implies that the restriction of A to D{L) is a 
closed operator in the I?(L)-norm. To see this, note that if Vn G D{L) and 
if \\vn - uq\\d{l) 0, \\Avn - vo\\d{l) ^ 0, then 

||t;o - AuqWv < \\vo - AvnWv + \\A{vn - Uo)\\v 

< \\vo - AvnWv + - uo\\v , 

so the continuity of D{L) ^ V implies that each of these terms converges 
to zero. Hence, vq = Auq. 

Since A\£)(^i^ is closed and defined everywhere on D{L), it follows from 
Theorem III.7.5 that it is continuous on D[L). Therefore, the restrictions 
of the operators exp(— tA), t G K, axe continuous on D{L), and the formula 
(3.1) in D{L) gives a strong solution as desired. 

Corollary 3.3 In the situation of Theorem 3.2, the weak solution «(•) is a 
strong solution if and only if uq G D{M). 
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3.1 



We consider now an abstract pseudoparabolic initial-boundary value prob- 
lem. Suppose we are given the Hilbert spaces, forms and operators as in 
Theorem IV. 7. 2. Let e > and define 



m{u,v) = {u,v)h + £a{u,v) 
i{u, v) = a{u, v) , 



u,v G V . 



Thus, D{M) = D{L) = D{A). Let / G C(M,ii"). If u{-) is a strong solution 
of (3.2), then we have 



u'{t) + eAiu'{t) + Aiu{t) = f{t) , 
u(t) e V , and 
diu(t) + A2-f{u{t)) = , 
Suppose instead that F G C{R,H) and g G 

f{t){v)^{F{t),v)H+9m^{v)) , 



(3.3) 



teR 

,B'). If we define 

V eV , teR. 



then a weak solution u{-) of (2.4) can be shown by a computation similar to 
the proof of Theorem III.3.1 to satisfy 



u'{t) + eAiu'{t) + Aiu{t) = F{t) , 
u{t) G V , and 

diisu'it) + u{t)) + A2{^{su'{t) + u{t))) = g{t) 



t e 



(3.4) 



Note that (3.3) implies more than (3.4) with g = 0. By taking suitable 
choices of the operators above, we could obtain examples of initial-boundary 
value problems from (3.3) and (3.4) as in Theorem IV.7.3. 



3.2 

For our second example we let G be open in and choose V = {v e {G) : 
v{s) = 0. a.e. s G F}, where F is a closed subset of dG. We define 

m{u,v) = / Vu{x) ■ 'S/v{x) dx , u,vEV 
Jg 

and assume m{-, •) is F-elliptic. (Sufficient conditions for this situation are 
given in Corollary III. 5. 4.) Choose H = L'^(G) and Vq = Hq{G); the cor- 
responding partial differential operator M : V ^ Vq < V*{G) is given by 
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Mu = — A„M, the Laplacian (cf. Section III. 2. 2). Thus, from Corollary 
III.3.2 it follows that D{M) = {u e V : A„it G du = 0} where d 

is the normal derivative d,^ on dG ~ F whenever dG is sufficiently smooth. 
(Cf. Section III.2.3.) Define a second form on V by 



£{u,v) = / a{x)dnu{x)v{x) dx , 
J G 



u,v & V , 



and note that L = C : V ^ H < V' \s given by Cu = a{x){du/dxn), 
where a(-) G L'^{G) is given. Assume that for each t G K we are given 
F{-,t) e Lp'iG) and that the map t ^ F{-,t) : R -)• is continuous. 

Let g{-,t) e L'^ipG) be given similarly, and define / G C(M, F') by 

f(t){v)= F{x,t)v{x)dx + / g{s,t)v(s)ds , teR,veV. 
Jg JdG 

If uo G then Theorem 3.1 gives a unique weaJi solution u{-) of (2.4) with 
m(0) = uq. That is 

m(u'(t),i;) +^(u(i),i;) = fit){v) , v G F , i G R , 

and this is equivalent to 

Mu'{t) + Lu{t) = F{-,t) , teR 
u{t)eV, dt{du{t)) = g{;t) . 

Prom Theorem IV. 7.1 we thereby obtain a generalized solution U{-,-) of the 
initial-boundary value problem 

-AndtU{x, t) + a{x)dnU{x, t) = F{x, t) , x G G , t G M , 
U{s,t) = 0, sGT, 

a^C/(s, t) = d^Uois) + r g{s, T)dT , sedG^r , 

Jo 

U{x,0) = Uo{x) , xeG. 

Finally, we note that / G C(K, H) if and only if g = 0, and then d^U (s, t) = 
duUois) for s G ~ F, G R; thus, U{-,t) G D{M) if and only if Uq G 
D{M). This agrees with Corollary 3.3. 
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4 Degenerate Equations 

We shall consider the evolution equation (2.1) in the situation where Ai is 

permitted to degenerate, i.e., it may vanish on non-zero vectors. Although it 
is not possible to rewrite it in the form (2.2), we shall essentially factor the 
equation (2.1) by the kernel of A4 and thereby obtain an equivalent problem 
which is regular. 

Let F be a linear space and m(-, •) a sesquilinear form on V that is 
symmetric and non-negative: 

■m{x,y) = m{x,y) , x,yeV, 
m(x, x) > , X eV . 

Then it follows that 

\m{x,y)f <m{x,x) ■m{y,y) , x,yeV, (4.1) 

and that x i->- m.{x,x)^/^ = \\x\\m is a seminorm on V. Let Vm denote this 
seminorm space whose dual is a Hilbert space (cf. Theorem 1.3.5). The 
identity 

Mx{y) =m{x,y) , x,yeV 

defines M. G C{Vm, V^) and it is just such an operator which we shall place 
in the leading term in our evolution equation. Let D < V , L L{D,V^), 
f G C((0,oo),y^) and G V-m- We consider the problem of finding a 
function u{-) : [0, oo) V such that 

Mu{-) G C([0,oo),yJnCi((0,oo),Fj , (M«)(0) =50 , 

and u(t) G D with 

{MuYit) + Lu{t) = f{t) , t>0 . (4.2) 

(Note that when m(-, •) is a scalar product on Vm and Vm is complete then 
M. is the Riesz map and (4.2) is equivalent to (2.1).) 

Let K be the kernel of the linear map A4 and denote the corresponding 
quotient space hy V/K. If q -.V ^V/K is the canonical surjection, then we 
define by 

mo{q{x), q{y)) = m{x, y) , x,y eV 
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a scalar product mo(') ■) on V/K. The completion of V/K, mo(-, •) is a 
Hilbert space W whose scalar product is also denoted by mo(-, •). (Cf. The- 
orem 1.4.2.) We regard g as a map of Vm into W; thus, it is norm-preserving 
and has a dense range, so its dual q' : W — >■ is a norm-preserving iso- 
morphism (CoroUajy 1.5.3) defined by 

q'if){x) = f{q{x)) , feW',xeVm. 

If A^o denotes the Riesz map of W with the scalar product mo(-, •), then we 
have 

q'Moqix){y) = Moq{x){q{y)) = mo{q{x) , q{y)) 
= Mx{y) , 

hence, 

q'Moq = M . (4.3) 

From the linear map L : D we want to construct a linear map Lq 

on the image q[D] oi D < Vm by q so that it satisfies 

q'Loq = L . (4.4) 

This is possible if (and, in general, only if ) i^flD is a subspace of the kernel 

of L, K{L) by Theorem 1. 1.1, and we shall assume this is so. 

Let /(•) and 50 be given as above and consider the problem of finding a 
function v{-) € C([0, 00), W") fl C^((0, 00), W^) such that v{Q) = {q'Mo)~'^go 
and 

Mov'it) + Lovit) = (?')"V(i) , t>0. (4.5) 

Since the domain of Lq is q[D], if v{-) is a solution of (4.5) then for each 
t> Owe can find a u(t) G D for which v{t) = qiu{t)). But q'Mo -.W 
is an isomorphism and so from (4.3), (4.4) and (4.5) it follows that it(-) is a 
solution of (4.2) with Aiu{0) = gg. This leads to the following results. 

Theorem 4.1 Let Vm be a seminorm space obtained from a symmetric and 
non-negative sesquilinear form m{-,-), and let A4 € C{Vm,V^) be the cor- 
responding linear operator given by M.x{y) = m(x,y), x,y G Vm- Let D 
be a subspace of Vm and L : D ^ Vm be linear and monotone, (a) If 
K{M.) D D < K{L) and if M + L : D ^ V^ is a surjection, then for 
every f € C^{[0, (X)),V^) and uq ^ D there exists a solution of (4.2) with 
{Mu){0) = Muq. (b) If K{M) r\K{L) = {0}, then there is at most one 
solution. 
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Proof: The existence of a solution will follow from Theorem 2.1 applied to 
(4.5) if we show Lq : q[D] W' is monotone and A^o + Lq is onto. But 
(4.5) shows Lq is monotone, and the identity 

q'{Mo + Lo)q{x) = {M + L){x) , xeD, 

implies that Mo + Lq is surjective whenever M. + L is surjective. 

To establish the uniqueness result, let u{-) be a solution of (4.2) with 
/ = and Mu{0) = 0; define v{t) = qu{t), t > 0. Then 

Dtmo{vit),v{t)) = 2 Re{Mov'{t)){v{t)) , t > , 

and this implies by (4.3) that 

Dtm{u{t),u{t)) = 2Re{Muy{t){u{t)) 

= -2Re Lu{t){u{t)) , t>0 . 

Since L is monotone, this shows A4u{t) = 0, t > 0, and (4.2) implies 
Lu{t) = 0,t>0. Thus u{t) e K{M) n K{L), t > 0, and the desired result 
follows. 

We leave the proof of the following analogue of Theorem 2.2 as an exer- 
cise. 

Theorem 4.2 Let Vm be a seminorm space obtained from a symmetric and 
non-negative sesquilinear form m{-,-), and let M. G >C(Fto,V^) denote the 
corresponding operator. Let V he a Hilbert space which is dense and contin- 
uously imbedded in Vm- Let £{■, •) be a continuous, sesquilinear and elliptic 
form on V, and denote the corresponding isomorphism of V onto V' by 
jC. Let D = {u & V : Cu G V^}. Then, for every Holder continuous 
f : [0, oo) — >■ Vm and every uq G Vm, there exists a unique solution of (4.2) 
with {Mu){0) = Muq. 

5 Examples 

We shall illustrate the applications of Theorems 4.1 and 4.2 by solving some 
initial-boundary value problems with partial differential equations of mixed 
type. 
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5.1 

Let Vm = L^{0, 1), < a < 6 < 1, and 



fb 

m{u,v) = / u{x)v{x)dx, v G 

Ja 



Then = L'^{a,b), which we identify as that subspace of L^(0, 1) whose 

elements are zero a.e. on (0, a) U {b, 1), and Ai becomes multiplication by the 
characteristic function of the interval (a, 6). Let L = d with domain D = 
{u G H\0, 1) : u{0) = cn(l), dueV^C L'^{0, 1)}. We assume |c| < 1, so L 
is monotone (cf. Section IV.4(a)). Note that each function in D is constant on 
(0,a)U(6, 1). Thus, K{M)nD = {0} and K{M)nD < K{L) follows. Also, 
note that K{L) is either {0} or consists of the constant functions, depending 
on whether or not c / 1, respectively. Thus, K{JV[) fl K[L) = {0}. If u is 
the solution of (cf. Section IV.4(a)) 

u{x) + du{x) = f{x) , a < X < b , u{a) = cu{b) 

and is extended to (0, 1) by being constant on each of the intervals, [0, a] 
and [b, 1], then {A4 + L)u = / G V^. Hence M + L maps onto and 
Theorem 4.1 asserts the existence and uniqueness of a generalized solution 
of the problem 



dtU{x, t) + d^U{x, t) = F{x, t) , a < X <b , t>0 , 
dxU{x, t) = , X G (0, a) U (6, a) , 
U{0, t) = cC/(l, t) , C/(x, 0) = Uq{x) , a<x<b ,) 



(5.1) 



for appropriate F{-, •) and Uq. This example is trivial (i.e., equivalent to 
Section IV.4(a) on the interval (a, 6)) but motivates the proof-techniques of 
Section 4. 



5.2 

We consider some problems with a partial differential equation of mixed 
elliptic-parabolic type. Let mo(-) G L°°{G) with mQ{x) > 0, a.e. x G G, an 
open subset of M" whose boundary dG is a C^-manifold with G on one side 
oidG. Let Vm = L^iG) and 

m{u,v) = / 'mo{x)u{x)v{x) dx , u,vEVjn- 
Jg 
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Then M is multiplication by mo(-) and maps L'^{G) into = {^/rno ■ g : 
g eL^{G)} C L\G). Let T be a closed subset of dG and define V = {v e 
H^{G) : 7ou = on F} as in Section III.4.1. Let 



i{u, v) = Vu • dx , 
Jg 



u,v & V 



(5.2) 



and assume = {s ^ 9G : z^n(s) > 0} C L. Thus, Theorem III.5.3 implies 
■) is F-elliptic, so A4 + C maps onto V', hence, onto T^'^. Theorem 4.2 
shows that if Uq G L'^{G) and if F is given as in Theorem IV. 7. 3, then there 
is a unique generalized solution of the problem 



dt{mQ{x)U{x,t)) - AnU{x,t) = mQ{x)F{x,t) 
U{s,t) = Q, sGT, 
dU{s,t) 



du 



= , s G ~ r , 



X G G , 1 



t > , 



mo(a;)([/(a;,0) -C/o(ar)) = . 



(5.3) 



The partial differential equation in (5.3) is parabolic at those a; G G for which 
mo(a;) > and elliptic where mo (a;) = 0. The boundary conditions axe of 
mixed Dirichlet-Neumann type (cf. Section III.4.1) and the initial value of 
C/(a;,0) is prescribed only at those points of G at which the equation is 
parabolic. 

Boundary conditions of the third type may be introduced by modifying 
^(■, •) as in Section IIL4.2. Similarly, by choosing 

£(n, v) = Vu ■ Vv dx + ('jou)('yov) 
Jg 

on V = {u ^ H^{G) : ^you is constant}, we obtain a unique generalized 
solution of the initial-boundary value problem of fourth type (cf.. Section 
III.4.2) 



dtimo{x)U{x,t)) - AnU{x,t) = mo{x)F{x,t) 
U{s,t) = h{t) , 

\JdG OV I JdG J 

mo{x){Uix,0)-Uo{x)) 



X eG , 
sedG , 

t>0 , 



. 



(5.4) 



The data F(-, •) and Uq are specified as before; h{-) is unknown and part of 
the problem. 
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5.3 

Problems with a partial differential equation of mixed pseudoparabolic-parabolic 
type can be similarly handled. Let mo(-) be given as above and define 



m{u,v) = / {u{x)v{x) + mo{x)'Vu{x) ■ Vv (x)) dx , u,vGVm, 



G 

with Vra = H'^{G). Then ^ L'^{G) is continuous so we can identify 
L'^iG) < V^. Define •) by (5.2) where ^ is a subspace of H^{G) which 
contains Cq°{G) and is to be prescribed. Then K{M) = {0} and m(-, •) + 
£{■, •) is F-coercive, so Theorem 4.2 will apply. In particular, if Uq € L'^{G) 
and F as in Theorem IV.7.3 are given, then there is a unique solution of the 
equation 

n 

dtiU{x,t)-Y,djimoix)djU{x,t)))-AnU{x,t) = F{x,t) , xeG,t>0, 

with the initial condition 

U{x,0) = Uo{x) , xeG, 
and boundary conditions which depend on our choice of V. 

5.4 

We consider a problem with a time derivative and possibly a partial differen- 
tial equation on a boundary. Let G be as in (5.2) and assume for simplicity 
that dG intersects the hyperplane M""-*^ x {0} in a set with relative interior 
S. Let a„(-) and b{-) be given nonnegative, real-valued functions in L°°{S). 
We define Vm = H\G) and 

m{u,v) = / u{x)v{x) dx + / a{s)u{s)v{s) ds , u,v E Vm , 
Jg Js 

where we suppress the notation for the trace operator, i.e., u{s) = (7on)(s) 
for s G dG. Define V to be the completion of C°°(G) with the norm given 

by 



I ii2 II ii2 

m\v = \Mh^ 



(G) + (/ bis)'j2\DA^)\'d' 

\JS 
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Thus, V consists of these v G H^{G) for which 6^/^ • dj{jov) e L'^{S) for 
1 < j < n — 1; it is a Hilbert space. We define 



n-l 

u,v eV . 



£{u,v) = J Vu{x) ■Vv{x) dx + J b{s)^^^^ dju{s)djv{s)^ ds , 

Then K{M) = {0} and m(-, ■)+£{; •) is F-coercive. If Uo G L'^{G) and •) 
is given as above, then Theorem 4.2 asserts the existence and uniqueness of 
the solution U{-,-) of the initial-boundary value problem 

' dtU{x, t) - AnU{x, t) = F{x, t) , xeG , t>0 , 

5t(a(5)C/(s,t)) + ^^^ = X:9,(6(sHC/(s,t)) , seS, 



dU{s,t) 



dv 



3=1 

, sedGr^S , 



6(.)^=0, sedS, 

U{x,0) = Uo{x) , xeG, 

[ais){Uis,0)-Uois)) = , seS. 

Similar problems with a partial differential equation of mixed type or other 
combinations of boundary conditions can be handled by the same technique. 
Also, the (n — l)-dimensional surface S can occur inside the region G as well 
as on the boundary. (Cf., Section III.4.5.) 

Exercises 

1.1. Use the separation-of- variables technique to obtain a series representa- 
tion for the solution of (1.1) with u{0,t) = u{TT,t) = and u{x,0) = 
uo(x), < x < TT. Compare the rate of convergence of this series with 
that of Section IV. 1. 

2.1. Provide all details in support of the claim that Theorem 2.1 follows 
from Theorem IV. 3. 3. Show that Theorem 2.2 follows from Theorems 
IV.6.3 and IV.6.5. 



2.2. Show that Theorem 2.2 remains true if we replace the hypothesis that 
£ is y-elliptic by \M + jC is ^-elliptic for some A G K. 



5. EXAMPLES 



143 



2.3. Characterize in each of the examples (2.1)-(2.3). Construct appro- 

priate terms for f{t) in Theorems 2.1 and 2.2. Write out the corre- 
sponding initial-boundary value problems that are solved. 

2.4. Show = {m^/^v : v G L'^{0, 1)} in (2.4). Describe appropriate non- 

homogeneous terms for the partial differential equation in (2.4). 

3.1. Verify that (3.1) is a solution of (2.2) in the situation of Theorem 3.1. 

3.2. Prove uniqueness holds in Theorem 3.1. [Hint: Show a{t) = \\u{t)\\y 

satisfies |cr'(t)| < Ka{t), t G K, where u is a solution of the homoge- 
neous equation, then show that a{t) < exp{K\t\) ■ (7(0).] 

3.3. Verify that (3.4) characterizes the solution of (2.4) in the case of Section 

3.1. Discuss the regularity of the solution when a(-, ■) is fe-regular. 

4.1. Prove (4.1). 

4.2. Prove Theorem 4.2. [Hint: Compare with Theorem 2.2.] 

5.1. Give sufficient conditions on the data F, uq in (5.1) in order to apply 

Theorem 4.1. 

5.2. Extend the discussion in Section 5.2 to include boundary conditions of 

the third type. 

5.3. Chaiacterize in Section 5.3. Write out the initial-boundary value 

problem solved in Section 5.3 for several choices of V. 

5.4. Write out the problem solved in Section 5.4 when S is an interface as 

in Section HI. 4.5. 



Chapter VI 

Second Order Evolution 
Equations 

1 Introduction 

We shall find well-posed problems for evolution equations which contain the 
second order time derivative of the solution. These arise, for example, when 
we attempt to use the techniques of the preceding chapters to solve a Cauchy 
problem for the wave equation 

dtu{x, t) - An«(x, t) = F{x, t) . (1.1) 

The corresponding abstract problem will contain the second order evolution 
equation 

u"{t) + Au{t) = f{t) , (1.2) 

where A is an operator which contains — A„ in some sense. Wave equations 
with damping or friction occur in practice, e.g., the telegraphists equation 

dtu{x, t) + R- dtu{x, t) - Anu{x, t) = F{x, t) , 

so we shall add terms to (1.2) of the form Bu'{t). Finally, certain models in 
fluid mechanics lead to equations, for example, 

d^iAnU{x,t))+dlu{x,t)=0 , X = {xi,...,Xn) , (1-3) 

which contain spatial derivatives in the terms with highest (= second) order 
time derivatives. These motivate us to consider abstract evolution equations 
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of the form 

Cu"it) + Bu'{t) + Au{t) = f{t) , t > . (1.4) 

We consider in Section 2 equations of the form (1.4) in which C is in- 
vertible; this situation is similar to that of Section V.2, so we cah (1.4) a 
regular equation then. The equation (1.3) is known as Sobolev's equation, 
so we call (1.4) a Sobolev equation when C is invcrtible and both C~^B and 
C^^A are continuous. This situation is studied in Section 3 and is the ana- 
logue of (first-order) pseudoparabolic problems. Section 4 will be concerned 
with (1.4) when C is degenerate in the sense of Section V.4. Such equations 
arise, for example from a system described by appropriately coupled wave 
and heat equations 

dfu{x,t) — Anu{x,t) = , X E Gi , 

dtu{x, t) — A„u(x, t) = , X E G2 ■ 

Here the operator C is multiplication by the characteristic function of Gi 
and B is multiplication by the characteristic function of G2. Gi and G2 are 
disjoint open sets whose closures intersect in an (n — l)-dimensional manifold 
or interface. Additional examples will be given in Section 5. 

2 Regular Equations 

Let V and W be Hilbert spaces with V a dense subspace of W for which 
the injection is continuous. Thus, we identify W' < V by duality. Let 
A G C{V,V') and C G J:{W,W') be given. Suppose D{B) < F and 5 : 
D{B) V is linear. If Uq e V, m e W and / G C{{Q,oo),W') are 
given, we consider the problem of finding u G C([0, 00), V) fl C^((0, cxd), V) fl 
Ci([0, 00), W) n C2((0, cx)), W) such that u(0) = uq, u'(0) = ui, and 

Cu"{t) + Bu'{t) + Au{t) = fit) (2.1) 

for all t > 0. Note that for any such solution of (2.1) we have u'{t) G D{B) 
and Bu'{t) + Au{t) G W for all t > 0. 

We shall solve (2.1) by reducing it to a first order equation on a product 
space and then applying the results of Section V.2. The idea is to write (2.1) 
in the form 

A0\ ( u\ ( -A\ ( u\ _ ( \ 
Oc)[u') ^[a B ) [u') - [fit)) ■ 
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Define Vm = Vx W, the product Hilbert space with scalar-product given by 
{[xi,x2], [yi,y2])vm = {xi,yi)v + {x2,y2)w , [xi,x2], [yi,y2] eV xW . 
We have then V^ = V' x W, and we define M € C{V^, V^) by 

M{[xi,X2]) = [AX1,CX2] , [xi,X2]eVm. 

Define D = {[xi,X2] x D{B) : Ax\ + Bx2 G W'} and L G L{D, y^) by 

L([xi,X2]) = \-Ax2-,Ax\^BX'^ , [XI,X2] G I? . 

If n(-) is a solution of (2.1), then the function defined by w{t) = [u{t),u' {t)], 
t > 0, satisfies the following: w G C([0, oo), F^) n C^((0, oo), F^), w{0) = 
[uq,ui] G Vm, and 



This is precisely the situation of Section V.2, so we need only to find con- 
ditions on the data in (2.1) so that Theorems 2.1 or 2.2 of Chapter V are 
applicable. This leads to the following. 

Theorem 2.1 Let V and W be Hilbert spaces with V dense and continuously 

imbedded in W . Assume A G CiV, V') and C G C{W, W') are the Riesz maps 
ofV and W , respectively, and let B be linear from the subspace D{B) ofV 
into V' . Assume that B is monotone and that A + B + C : D{B) V' is 
surjective. Then for every f G C^([0, oo), W) and uq eV,uiE: D{B) with 
Auo + Bui G W, there exists a unique solution u{t) o/(2.1) (ont>0) with 
u{Q) = uq and u'{0) = ui. 

Proof: Since A and C are Riesz maps of their corresponding spaces, we 
have 



Mw'{t) + Lw{t) = [OJ{t)] , 



i > . 



(2.2) 



M{[xi,X2]){[yi,y2]) = Axi{yi) + Cx2{y2) 
= {xi,yi)v + {x2,y2)w 
= {[xi,x2],[yi,y2])vm > 



[a;i,x2], [yi,y2] g K 



so M is the Riesz map of Vm- Also we have for [a;i,X2] G D 



L{[xi,x2]){[yi,y2]) = -Ax2iyi) + {Axi + Bx2){y2) , [yi,y2] g Vm , 
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hence, L{[xi,X2]){[xi,X2]) = —Axi{x2) + Axi{x2) + Bx2{x2) since ^4 is sym- 
metric. From this we obtain 

Re L{[xi, X2]){[xi, X2]) = ReBx2{x2) , [xi,X2] G D , 

so B being monotone implies L is monotone. Finally, if /i G V' and /2 G 
W, then we can find X2 G D{B) such that {A + B + C)x2 = h - f\- 
Setting xi = X2 + A^^ fi G V, we have a pair [xi,X2] G D for which (A^ + 
L)[xi,X2\ = [/i,/2]- (Note that Ax\ + Bx2 = /2 — Cx2 G M^' as required.) 
Thus + L is a surjection of D onto V^. Theorem 2.1 of Chapter V 
asserts the existence of a solution w{t) = [u{t)^v{t)] of (2.2). Since A is a 
norm-preserving isomorphism, v{t) = u'{t) and the result follows. 

A special case of Theorem 2.1 that occurs frequently in applications is 
that D(B) = V and B = B & JC-{V, V). Then one needs only to verify that B 
is monotone, for then A+B+C is F-coercive, hence surjective. Furthermore, 
in this case we may define £ G jC(V^, V/) and = ^ x y by 

C{[xi,x2]){[yi,y2]) = -Ax2{yi)+{Axi+Bx2){y2) , [xi,x2], [yi,y2] g . 

Thus, Theorem 2.2 of Chapter V applies if we can show that £(•)(•) is Vi- 
elliptic. Of course we need only to verify that (AA^ + £.){■){■) is V^-elliptic 
for some A > (Exercise V.2.3), and this leads us to the following. 

Theorem 2.2 Let A and C be the Riesz maps of the Hilhert spaces V and 
W , respectively, where V is dense and continuously imbedded in W. Let 
B G C{V,V') and assume B + XC is V -elliptic for some A > 0. Then for 
every Holder continuous f : [0, 00) W' , uq E V and ui G W, there is a 
unique solution u{t) of (2.1) on t > with u{0) = uq and u'{0) = ui. 

Theorem 2.2 applies to evolution equations of second order which are 
parabolic, i.e., those which can be solved for more general data uq, ui and 
/(■), and whose solutions are smooth for all t > 0. Such problems occur 
when energy is strongly dissipated; we give examples below. The situation 
in which energy is conserved is described in the following result. We leave 
its proof as an exercise, as it is a direct consequence of either Theorem 2.2 
above or Section IV. 5. 

Theorem 2.3 In addition to the hypotheses of Theorem 2.1, assume that 
Re Bx{x) = for all x G D{B) and that both A + B + C and A-B + C are 
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surjections of D{B) onto V' . Then for every f € C^{M.,W') and uq € V, 
ui € D{B) with Auq + Bui G W, there exists a unique solution o/(2.1) on 
M with n(0) = uq and n'(0) = ui. 

We shall describe how Theorems 2.1 and 2.3 apply to an abstract wave 
equation. Examples will be given afterward. Assume we are given Hilbert 
spaces V < H, and B, and a linear surjection j -.V ^ B with kernel Vq such 
that 7 factors into an isomorphism of V/Vq onto B, the injection V ^ H 
is continuous, Vq is dense in H, and H is identified with its dual H' by the 
Riesz map. We thereby obtain continuous injections Vq ^ H ^ Vq and 

Let ai : V X V ^ K and a2 B x B ^ K he continuous symmetric 
sesquilineax forms and define a iV xV ^Khy 

a{u,v) = ai{u,v) + a2{'j{u),j{v)) , u,veV. (2.3) 

Assume a{-, •) is F-elliptic. Then a(-, •) is a scalar-product on V which gives 
an equivalent norm on V, so we hereafter consider V with this scalar-product, 
i.e., {u,v)v = a{u,v) for u,v &V. The form (2.3) will be used to prescribe 
an abstract boundary value problem as in Section III.3. Thus, we define 
A:V -^V^hy 

Au{v) = ai{u,v) , u eV , V eVq 

and Do = {u E V : Au G H}. Then Theorem III. 2. 3 gives the abstract 
boundary operator di G L{Do,B') for which 

ai{u,v) — {Au,v)h = diu{'yv) , u 6 Dq , v eV . 

We define D = {u E V : Au € H}, where A is the Riesz map of V given by 

Au{v) = a{u, v) , u,v eV , 

and A2 ■ B ^ B' is given by 

A2^iilj) = a2{ip,ilj) , if,tpEB. 

Then, we recall from Corollary III.3.2 that u E D \i and only if u G Dq and 
diu + ^2(71*) = 0. 

Let (•, ■)w be a scalar-product on H whose corresponding norm is equiva- 
lent to that of (•, ■)h, and let W denote the Hilbert space consisting of H with 
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the scalar-product Then the Riesz map C of W satisfies C € ^{H) 

(and G C{H)). Suppose we are also given an operator B G C{V,H) 
which is monotone (since H < V'). 

Theorem 2.4 Assume we are given the Hilhert spaces V , H, B, Vq, W 
and linear operators 7, di, A2, A, A, B and C as above. Then for every 
f G C^([0, 00), uq E D and ui G V, there is a unique solution u{-) of 
(2.1), and it satisfies 



Cu"{t) + Bu'{t) + Au{t) = f{t) , i > , ^ 

u{t) G V , diu{t) + A2'y{u{t)) = , t>0 , 
u{0) = uq , u'{0) = Ul , 



(2.4) 



Proof: Since A + B + C G jC{V, V) is T^-elliptic, it is surjective so Theorem 
2.1 (with B = B) asserts the existence of a unique solution. Also, since each 
of the terms Cu"{t), Bu'{t) and f{t) of the equation (2.1) are in H, it follows 
that Au{t) G H and, hence, u{t) G D. This gives the middle line in (2.4). 

In each of our examples below, the first line in (2.4) will imply an ab- 
stract wave equation, possibly with damping, and the second line will imply 
boundary conditions. 



2.1 

Let G be open in and take H = 1^(0). Let p G L~(G) satisfy p{x) > 
c > for X G G, and define 

(u,v)w = / p(x)u{x)v(x) dx , u,v E H . 
Jg 

Then C is just multiplication by p(-). 

Suppose further that dG is a manifold and F is a closed subset of dG. 

We define V = {v E H^{G) ■ lo{v){s) = 0, a.e., s G F}, 7 = 70];/ and, hence, 
Vo = Hl{G) and B is the range of 7. Note that B ^ L'^{dG ~ F) B'. 
We define 

ai{u,v) = / Vu-Vvdx, u,vEV , 
Jg 

and it follows that A = — A„ and di is the normal derivative 
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on dG. Let a G L°°{dG) satisfy a{s) > 0, a.e. s G dG, and define 

a2{<P,'4>) = / a{s)(p{s)'ip{s) ds , (fjip e B . 

Then ^2 is multiplication by a(-). 

Assume that for each t G [0,T] we are given F{-,t) £ L'^{G), that 
dtF{x,t) is continuous in t for almost every x E G, and |9tF(x,t)| < g'(x) 
for some g G L'^{G). It follows that the map t ^ Fi'^t) = f{t) belongs to 
Ci([0,r],L2(G)). Finally, let Uo{-) G D (see below) and Ui{-) €Vhe given. 
Then, if u(-) denotes the solution of (2.4) it follows from Theorem IV. 7.1 
that we can construct a function U G L^(G x [0, T]) such that U{-, t) = u{t) 
in L^{G) for each t G [0,r] and this function satisfies the partial differential 
equation 

p{x)d^U{x, t) - AnU{x, t) = F{x, t) , xeG , 0<t<T (2.5) 

and the initial conditions 

U{x,0) = Uoix) , dtU{x,0) = Ui{x) , a.e. xeG. 

Finally, from the inclusion u{t) G -D we obtain the boundary conditions for 
t>0 

U{s, t) = , a.e. s G r and 

+a(s)U(s,t) = , a.e. sedG^T. 

ov 

The first equation in (2.6) is the boundary condition of first type. The second 

is the boundary condition of second type where a{s) = and of third type 
where a{s) > 0. (Note that Uq necessarily satisfies the conditions of (2.6) 
with t = and that Ui satisfies the first condition in (2.6). li F{-,t) is given 
as above but for each t G [—T,T], then Theorem 2.3 (and Theorem III.7.5) 
give a solution of (2.5) on G x [-T,T]. 

2.2 

In addition to all the data above, suppose we are given R{-) G L°^(G) and 
a vector field ij,{x) = (//i(x), . . . ,jjLn{x)), x € G, with each /ij G C^{G). We 
define B G H) (where V < H^{G) and H = L'^{G)) by 

Bu{v) = [r{x)u{x) + '^dx (2.7) 



(2.6) 
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the indicated directional derivative being given by 



— — = Y,dju{x)nj{x) . 
^ j=i 

From the Divergence Theorem we obtain 

2Re / ^^^^^-^ u(x) dx + [ (y^ djiJ,j(x)]\u{x)\^ dx = [ {fi ■ iy)\u{x)\'^ ds , 
Jg ofJ- •'^S='^ *^ 

where fi ■ v = Y^^-^iiij{s)uj{s) is the indicated euclidean scalar-product. 
Thus, B is monotone if 

n 

- (i) ^ djHj{x) + Re{i?(x)} > , xeG 

/x(s) • i/(s) > , sedG^T . 

The first equation represents friction or energy dissipation distributed through- 
out G and the second is friction distributed over dG. Note that these are 
determined by the divergence of // and the normal component of fi, respec- 
tively. If «(•) is a solution of (2.4) and the corresponding [/(•, •) is obtained 
as before from Theorem IV.7.1, then U{-, ■) is a generalized solution of the 
initial-boundary value problem 

p{x)diU{x, t) + R{x)dtU{x, t) + dt^^^^^ - AnU{x, t) = F{x, t) , 

xeG , t>0 

U{s,t) = 0, a.e. sgT, 

^^dT^ = , a.e. s £ dG ^ T 

[ U{x,0) = Uo{x) , dtUix,0) = Ui{x) 

One could similarly solve problems with the fourth boundary condition, 
oblique derivatives, transition conditions on an interface, etc., as in Section 
III. 4. We leave the details as exercises. 

We now describe how Theorem 2.2 applies to an abstract viscoelasticity 
equation. 
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Theorem 2.5 Assume we are given the Hilhert spaces V , H , B, Vq, W and 
linear operators 7, di, A2, A, A, B and C as in Theorem 2.4- Then for 
every f : [0, 00) — > H which is Holder continuous, uq eV and ui G H, there 
is a unique solution u{t) of (2.1) with B = B + eA and e > 0. This solution 
satisfies 

Cu"{t) + {B + eA)u'(t) + Au{t) = f{t) , 
u{t) e V , 

di{eu'(t) + u{t)) + A2l{eu'{t) + u{t)) = , 
ti(0) = uq , u'{0) = ui . 



t>0 , 
t>0 , 
t>0 , 



(2.8) 



Proof: This follows immediately from 

ReBx{x) > eAx{x) = , x eV , 

(since B is monotone) and the observation that eu'{t) + u{t) G D for t > 0. 



2.3 



Let all spaces and operators be chosen just as in Section 2.1 above. Suppose 
Uq eV,Ui e H and f{t) = F{t, ■), i > 0, where F{-, •) is given as in Theorem 
IV.7.3. Then we obtain a generalized solution of the initial-boundary value 
problem 

p{x)dfU{x,t) - £dtAnU{x,t) - AnU{x,t) = F{x,t) , 



U{s,t) 

d_ 

du 



a.e. x e G , t> 

, a.e. s G r , t>0 , 
{edtU{s, t) + U{s, t)) + a{s){edtU{s, t) + C/(s, t)) 



U{x,0) = Uoix) , dtUix,0) 





a.e. sedGr^T , t>0 
Ui{x) , X eG . 



(2.9) 



In certain applications the coefficient e > corresponds to viscosity in the 
model and it distinguishes the preceding parabolic problem from the corre- 
sponding hyperbolic problem in Section 2.1. Problems with viscosity result 
in very strong damping effects on solutions. Dissipation terms of lower or- 
der like (2.7) could easily be added to the system (2.9), and other types of 
boundary conditions could be obtained. 
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3 Sobolev Equations 

We shall give sufficient conditions for a certain type of evolution equation 

to have either a weak solution or a strong solution, a situation similar to 
that for pseudoparabolic equations. The problems we consider here have the 
strongest operator as the coefficient of the term in the equation with the 
second order derivative. 

Theorem 3.1 Let V be a Hilhert space and A,B,C € C{V,V'). Assume 
that the sesquilinear form corresponding to C is V -elliptic. Then for every 
uo,ui eV and f G C{R, V) there is a unique u G C^(M, V) such that 

Cu"{t) + Bu'{t) + Au{t) = f{t) , teR , (3.1) 

and ■u(O) = uq, u'{0) = ui. 

Proof: The change of variable v{t) = e~^^u(t) gives an equivalent problem 
with A replaced by A + XB + X^C, and this last operator is F-coercive if A is 
chosen sufficiently large. Hence, we may assume A is F-elliptic. If we define 
M. and C as in Section 2.2, then M. is V x V = V^-elliptic, and Theorem 
V.3.1 then applies to give a solution of (2.2). The desired result then follows. 

A solution u G C^(M, V) of (3.1) is called a weak solution. If we are given 
a Hilbert space H in which V is continuously imbedded and dense, we define 
D{C) = {v e V : Cv e H} and C = C|o(c)- The corresponding restrictions 
of B and A to H are denoted similarly. A (weak) solution u of (3.1) for 
which each term belongs to H at each f G K is called a strong solution, and 
it satisfies 

Cu"{t) + Bu'{t) + Au{t) = f{t) , tern. (3.2) 

Theorem 3.2 Let the Hilbert space V and operators A, B, C be given as in 
Theorem 3.1. Let the Hilbert space H and corresponding operators A, B, C 
be defined as above, and assume D{C) C D{A) n D{B). Then for every pair 
Uq G D(A), ui G D{C), and f G C(R,H), there is a unique strong solution 
u{-) of (3.2) with u{0) = uq, u'{0) = m. 

Proof: We define M[xi,X2] = [Axi,Cx2] on D{A) x D{C) = D{M) and 
L[xi,X2\ = [-Ax2,Axi+Bx2] on D{A) x D{A)r[D{B) and apply Theorem 
V.3.2. 
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Corollary 3.3 In the situation of Theorem 3.2, the weak solution u{-) is 
strong if and only if, for some to G R, u{to) G T>{A) and u'{to) G D{C). 



We give an example which includes the classical Sobolev equation from 
fluid mechanics and an evolution equation of the type used to describe certain 
vibration problems. Let G be open in M" and suppose that dG is a 
manifold and that F is a closed subset of dG. Let V = {v E H^{G) : 
'yv{s) = 0, a.e. s G F} and 

Cu{v) = {u,v)hi(g) : u,veV. 
Suppose aj(-) G L°°(G) for j = 1, 2, . . . , n, and define 



n „ 

Au{v) = ^ / aj{x)dju{x)djv{x) dx 

.7=1 ■^'^ 



u,v eV . 



Let the functions t i-> F{-,t) : M L?{G) and t ^ g{-,t) : R L'^{dG) be 
continuous and define / G C(M, V) by 

f(t){v)= I F{x,t)v{x)dx + I g{s,t)ru(s)ds , veV . 
JG JdG 

Then for each pair Uq,Ui G V, we obtain from Theorems 3.1 and IV.7.1 a 
unique generalized solution of the problem 

n 

d''tU{x,t) - AndfU{x,t) -Y,djiajix)djUix,t)) = F{x,t) , 

X eG , t> , 

u{s,t) = o, ser, ^ (3.3) 

n 

d^d^U{s,t) + J2ajis)djU{s,t) = g{s,t) , s G ~ F 

Uix,0) = Uo{x) , dtU{x,0) = Ui{x) . 

In the special case of Oj = 0, 1 < j < n — 1, and an{x) = 1, the partial 
differential equation in (3.3) is Sobolev's equation which describes inertial 
waves in rotating fluids. Terms due to temperature gradients will give (3.3) 
with aj{x) = a > 0, 1 < j < n — 1, and a„(a;) = 1. Finally, if aj{x) = a > 0, 
1 < J < then the partial differential equation in (3.3) is Love's equation 
for longitudinal vibrations with lateral inertia. 
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Suppose now that g = in the above, hence, / € C{R,H), where H = 
L^{G). If we assume T = dG, hence, V = i?d(G), then D{C) = H^{G) n 
H'^{G) C D{A), so Theorem 3.2 gives a smoother solution of (3.3) whenever 
Uo,Ui G D{C). If instead we assume aj{x) = a, 1 < j < n, then D{C) = 
D{A), and Theorem 3.2 gives a smoother solution of (3.3) whenever Uq, Ui G 
D{C). 

Similar problems containing dissipation effects can easily be added, and 
we leave these to the exercises. In particular, there is motivation to consider 
problems like (3.3) with viscosity. 

4 Degenerate Equations 

We shall consider evolution equations of the form (2.1) wherein the leading 
operator C may not necessarily be the Riesz map of a Hilbert space. In 
particular, certain applications lead to (2.1) with C being symmetric and 
monotone. Our plan is to first solve a first order system like (2.2) by using 
one of Theorems V.4.1 or V.4.2. Then the first and second components will 
be solutions (of appropriate modifications) of (2.1). Also we shall obtain 
well-posed problems for a first order evolution equation in which the leading 
operator is not necessarily symmetric. (The results of Section V.4 do not 
apply to such a situation.) 

4.1 

Let A be the Riesz map of a Hilbert space V to its dual V'. Let C G J0,{V, V) 
and suppose its sesquilinear form is symmetric and non-negative on V. Then 
it follows (cf.. Section V.4) that x i-^ Cx{x)^/'^ is a seminorm on V; let W 
denote the corresponding seminorm space. Finally, suppose D(B) < V and 
B e L{D{B),V') are given. Now we define Vm to be the product V x W 
with the seminorm induced by the symmetric and non-negative sesquilinear 
form 

m{x,y) = Axi{yi) + Cx2iy2) , x,y eVm = V xW . 

The identity Aix{y) = m{x,y), x,y € Vm, defines M. £ C{Vm,Vm)- Finally 
we define D = {[xi,X2] &Vx D{B) : Ax\ + Bx2 G W'} and the linear map 
L : ^ by 

L[xi,X2] = [-AX2,AXI + BX2] ■ 

We shall apply Theorem V.4.1 to obtain the following result. 
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Theorem 4.1 Let A be the Riesz map of the Hilhert space V and let W he 
the seminorm space obtained from a symmetric and monotone C G £,{V,V'). 
Let D{B) < V and B G L{D{B),V') be monotone. Assume B + C is strictly 
monotone and A+B+C : D{B) V' is a surjection. Let f G C^{[0, oo), W) 
and g E C^{[Q, oo), V'). IfVm and D are the spaces denoted above, then for 
every pair [uo,ui] G D there exists a unique function w{-) : [0, oo) D such 
that Mw{-) e C^{[0,oo),V^), Mw{0) = M[uo,ui], and 

{MwYit) + Lw{t) = [-g{t), fit)] , t>0. (4.1) 

Proof: We need to verify that the hypotheses of Theorem V.4.1 are vahd in 
this situation. First note that K{M)nD = {[0,X2] : X2 G D{B), Bx2 G W, 
Cx2 = 0}. But if y G D{B) with By G W, then there is a if > such that 

\By{x)\ < K\Cx{x)\^/^ , xeV, 

hence, \By{y)\ < K\Cy{y)\^/^ = if Cy = 0. Thus, we have shown that 

Re{B + C)x2{x2) = , X = [0, X2] G K{M) n D , 

so B + C being strictly monotone imphes that K{A4)r]D = {[0, 0]}. Finally, 
just as in the proof of Theorem 2.1, it follows from A+B+C being surjective 
that 7V4 + L is surjective, so all the hypotheses of Theorem V.4.1 are true. 

Let w{-) be the solution of (4.1) from Theorem 4.1 and set w{t) = 
[u{t),v{t)] for each t > 0. If we set g = and eliminate v{-) from the 
system (4.1), then we obtain an equivalent second order evolution equation 
which u(-) satisfies and, thereby, the following result. 

Corollary 4.2 Let the spaces and operators be given as in Theorem 4-1- 
For every f G C^{[Q,oo),W') and every pair uq G ui G D{B) with 

Auq + Bui G W there exists a unique u{-) G C^{[0,oo),V) such thatCu'{-) G 
C^{[Q,oo),W'), u(0) = uq, Cii'(O) = Cui, and for each t > 0, u'{t) G D{B), 
Au{t) + Bu'{t) G W, and 

{Cu'{t))' + Bu'{t) + Au{t) = f{t) . (4.2) 

Similarly, the function v{-) obtained from a solution of (4.1) satisfies a 
second order equation. 
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Corollary 4.3 Let the spaces and operators be given as in Theorem 4-L 
IfFe C{[0,oo),W'), g G C^i[0,oo),V'), m G D{B) and U2 G W, then 
there exists a unique v{-) : [0, 00) — > D{B) such that Cv{-) G (^""^([0, 00), W'), 
{Cv)' + Bv{-) G Ci([0, oo),V'), Cv{Qi) = Cui, {Cv' + Bv){0) = C/2 + Bui, and 
for each t >0, 

{{CvYit) + Bv{t))' + Av{t) = F{t) + g{t) . (4.3) 

Proof: Given F(-) as above, define /(•) G C\[0,oo),W') by f{t) = J^F. 
With ui and U2 as above, there is a unique uq for which Auq = —Bui — 
U2- Thus, Auo + Bui G W so Theorem 4.1 gives a unique w{-) as indicated. 
Letting w(t) = [u{t),v{t)] for t > 0, we have immediately v{t) G D{B) for 
t>0,Cve C^([0, 00), W) and Cv{0) = Cm. The second line of (4.1) shows 

(Cv)' + Bv = f-Aue C\[0, 00), V) 

and the choice of uq above gives (Cv)' {0)+Bv{0) = U+Bui. Eliminating u{-) 
from (4.1) gives (4.3). This establishes the existence of v{-). The uniqueness 
result follows by defining u{-) by the second line of (4.1) and then noting 
that the function defined by w{t) = [u{t),v{t)] is a solution of (4.1). 

Finally, we record the important special case of Corollary 4.3 that occurs 
when C = 0. This leads to a well-posed problem for a first order equation 
whose leading operator is not necessarily symmetric. 

Corollary 4.4 Let the spaces V, D{B) and operators B, A he given as 
in Theorem 4-1 but with C = 0, hence, W = {0}. Then for every g G 
C-^([0, 00), V') and ui G D{B), there exists a unique v : [0, cg) L>(B) such 
that Bv{-) G C^([0, 00), V), Bv{0) = Bui, and for each t > 0, 

{Bv)'{t)+Av{t)=g{t). (4.4) 

4.2 

Each of the preceding results has a parabolic analogue. We begin with the 
following. 

Theorem 4.5 Let A be the Riesz map of the Hilbert space V and let W be 
the seminorm space obtained from a symmetric and monotone C G C{V,V'). 
Let B G C{V, V) be monotone and assume that B + XC is V -elliptic for some 
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A > 0. Then for every pair of Holder continuous functions f : [0, oo) — > W' , 
g : [0, oo) — )■ V and each pair uq & V, Ui € W' , there exists a unique 
function w : [0, oo) Vm such that Mw{-) G C([0, oo), F^)nC^((0, oo), F^), 
Mw{Q) = [Auo, Ui], and for all t>Q, 

{Mwyit)+Cwit) = [-g{t),f{t)] , 

where C G C{V x V,V' x V') is defined by jC[xi,X2] = [—Ax2,Axi +8x2], 
and M. is given as in Theorem 4-1- 

Proof: By introducing a change-of- variable, if necessary, we may replace C 
by AA^ + C. Since for x = [x\,X2] xV we have 

Re(AA4 + C)x{x) = XAxi{xi) + {B + \C)x2{x2) , 

wc may assume CisV x F-elliptic. The desired result follows from Theorem 
V.4.2. 

Corollary 4.6 Let the spaces and operators be given as in Theorem 4-5- 
For every Holder continuous f : [0, 00) — > W' , uq ^ V and Ui € W' , 
there exists a unique n(-) G C{[0,oo),V) Pi C^{{0, oo),V) such thatCu'{-) G 
C((0, 00), W) n CH(0, 00), W), u{Q) = uo, Cu'{Q) = Ui, and 

{Cu'{t))' + Bu'{t) + Au{t) = fit) , t > . (4.5) 

Corollary 4.7 Let the spaces and operators be given as in Theorem ^.5. 
Suppose F : (0, 00) — W is continuous at all but a finite number of points 
and for some p > 1 we have Jq \\F{t)\\^r, dt < 00 for all T > 0. If 
g : [0, 00) —7- V' is Holder continuous, ui V and U2 G V , then there 
is a unique function v{-) : [0, 00) — )■ V such that Cv G C{[0,oo),W') fl 
C^{{0,oo),W'), {Cv)' + Bv G C([0, oo),y') and is continuously differentiable 
at all but a finite number of points, Cv{0) = Cui, {Cv' + Bv){0) = U2 + Bui, 
and 

{{Cvy{t) + Bv{t)y + Av{t) = F{t) + g{t) (4.6) 
at those points at which the derivative exists. 

Proof: Almost everything follows as in Corollary 4.3. The only difference is 
that we need to note that with F{-) as given above, the function f{t) = Jq F 
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satisfies 

\\m-f{T)\\w' < l\\F\\w'<\t-r\'/'^[l\\Frw'Y' 
where l/g = l — l/p>0. Hence, / is Holder continuous. 

5 Examples 

We shall illustrate some applications of our preceding results by various 
examples of initial-boundary value problems. In each such example below, 
the operator A will correspond to one of the elliptic boundary value problems 
described in Section III.4, and we refer to that section for the computations 
as well as occasional notations. Our emphasis here will be on the types of 
operators that can be chosen for the remaining coefficients in either of (4.2) 
or (4.3). 

We begin by constructing the operator A from the abstract boundary 
value problem of Section III.3. Let V, H and B be Hilbert spaces and 
7 : y — >■ -B a linear surjection with kernel Vq, and assume 7 factors into a 
norm- preserving isomorphism of V/Vq onto B. Assume the injection V ^ H 
is continuous, Vq is dense in H, and H is identified with H'. Then we obtain 
the continuous injections Vq ^ H ^ Vq and V ^ H '-^ V' and 

{f,v)H = fiv), feH,veV. 

Let ai : V X V ^ K and a2 B x B ^ Khe continuous, sesquilinear and 
symmetric forms and define 

a{u,v) = ai{u,v) + a2{'yu,jv) , u,vE:V. (5-1) 

We shall assume a(-, •) is T/^-elliptic; thus, a{-, •) is a scalar-product on V 
whose norm is equivalent to the original one on V. Hereafter, we shall take 
a(-, •) as the scalar-product on V; the corresponding Riesz map A € /^(V, V) 
is given by 

Au{v) = a{u, v) , u,v G V . 
Similarly, we define A G C{V, V^) by 



Au(v) = ai{u,v) , u eV , V eVq , 



(5.2) 
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Let Dq = {u V : Au € .ff}, and denote by 9 G L{Do,B') the abstract 
Green's operator constructed in Theorem III. 2. 3 and characterized by the 
identity 

ai{u,v) - {Au,v)h = du{-f{v)) , u e Dq , v eV . (5.3) 

Finally, we denote by A2 € C{B,B') the operator given by 

A2ip{'ilj) = a2iip,ip) , ip,tp e B . 

It follows from (5.1), (5.2) and (5.3) that 

Au{v) - {Au,v)h = {du + A2{^u)){-fv) , ueDQ,veV, (5.4) 

and this identity will be used to characterize the weak or variational bound- 
ary conditions below. 

Let c : i7 X — )• K be continuous, non-negative, sesquilineax and sym- 
metric; define the monotone C G C{H) by 

Cu{v) = c(u, v) , u,v E H , 

where Cu G H follows from H' = H. Note that the inclusion W' C H follows 
from the continuity of the injection H ^ W, where W is the space H with 
seminorm induced by c(-,-). Finally let B G C{V,H) be a given monotone 
operator 

ReBu{v) >0, ueV , V e H , 
and assume C -|- ;B is strictly monotone: 

(C + B)u{u) = only if u = . 

Theorem 5.1 Let the Hilbert spaces and operators be given as above. For 

every f G C^{[0,oo),W') and every pair Uo,ui G V with Auq + Bui G W, 
there exists a unique u G C^{[0,oo),V) such that Cu' G C^{[0,oo),W'), 
u{0) = uq, Cu'{0) = Cui, and for each t >0, 

(Cu'it))' + Bu'{t) + Au{t) = f{t) , (5.5) 

u{t) eDoCV , du{t) + A2l{u{t)) = . (5.6) 

Proof: The existence and uniqueness of u{-) follows from Corollary 4.2. 
With C and B as above (4.2) shows that Au{t) G H for all t > 0, so (5.6) 
follows from Corollary III. 3. 2. (Cf. (5.4).) To be sure, the pair of equations 

(5.5), (5.6), is equivalent to (4.2). 

We illustrate Theorem 5.1 in the examples following in Sections 5.1 and 

5.2. 
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5.1 

Let G be open in M", H = L'^{G), TcdGandV = {ve H^{G) : jo{v){s) = 
0, a.e. s e r}. Let p G L°°{G) with p{x) >0,xeG, and define 

c(u,v)= [ pix)uix)^)dx, u,veH. (5.7) 
Jg 

Then C is multiphcation by p and W = {p^/'^v : v £ -L^(G)}. Let R G 
L°°{G) and the real vector field /x(x) = (/xi(a;), . . . , /x„(x)) be given with 
each IX j € C^(G); assume 

n 

- (i) ^ djHj{x) + Re{i?(a;)} > , a; G G , 

(i) //(s) • z/(s) > , sedG-^V . 
Then ;B G CiV, H) given by (2.7) is monotone. Furthermore, we shall assume 

n 

p{x) - (i) Yl djlJij{x) + Re{i?(x)} > , X G G , 

and this implies C + B \s strictly-monotone. 

Let ao,aij G L°°(G), 1 < i,j < n, and assume ao(a;) > 0, aij{x) = aji{x), 
x G G, and that 

a{u,v) = / ^ ajj(a;)5i'u(a;)5j?;(x) + ao(a;)'u(x)u(x) > da; (5-8) 

is l^-coercive (cf. Section III. 5). Then (5.8) is a scalar product on V whose 
norm is equivalent to that of H^{G) on V. 

Let F{-,t) G L'^{G) be given for each i > such that t H> F{-,t) belongs 
to Ci([0,oo),L2(G)) (cf. Section 2.1). Then f{t) = p^/^F{-,t) defines / G 
C^{[0,oo),W'). Finally, let C/o,?7i G satisfy ^?7o + -SC/i G W. (This 
can be translated into an elliptic boundary value problem.) Using Theorem 
IV.7.1, we can obtain a (measurable) function U{-, ■) on G x [0, oo) which is 
a solution of the initial-boundary value problem 

dt{p{x)dtU{x,t)) + R{x)dtU{x,t) + ^{dtU{x,t)) (5.9) 
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-'^djaij{x)diU{x,t) + ao{x)U{x,t) 

= //^(a;)F(x,t) , xGG,t>0; 
C/(s,«) = 0, seV, 

?7(x,0) = ?7o(a;) , 

p{x)dtU{x,0) = p{x)Ui{x) , xeG. 



(5.10) 



(5.11) 



We refer to Section III. 4.1 for notation and computations involving the op- 
erators associated with the form (5.8). 

The partial differential equation (5.9) is of mixed hyperbolic-parabolic 
type. Note that the initial conditions (5.11) imposed on the solution at 
X € G depend on whether p{x) > or p{x) = 0. Also, the equation (5.9) is 
satisfied at i = 0, thereby imposing a compatibility condition on the initial 
data Uq, U\. Finally, we observe that (5.10) contains the boundary condition 
of first type along V and the boundary condition of second type on dG ~ V. 

5.2 

Let H and C be given as in Section 5.1; let V = H^{G) and define B by (2.7) 
with |U = and assume 

Re{-R(x)} > , p{x) > , 

p{x) + Re{R{x)] > , x^G , 

as before. Define 

ai{u, v) = Jq Vit ■ Vv u,v & V , 

a2{<^, ip) = IdG a{s)ip{s)il:{x) ds , (p,i^ e L'^{dG) 

where a G L°°(dG), a{s) > 0, a.e. s € dG. Then A2 is multiplication by 
a. We assume that a(-, •) given by (5.1) is F-coercive (cf. Corollary III. 5. 5). 
With F{-, •), Uq, and Ui as above, we obtain a unique generalized solution 
of the problem 

dt{pix)dtUix, t)) + R{x)dtU{x, t) - A„C/(x, t) (5.12) 
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= p^/'^{x)F{x,t) , x€G,t>0, 

dU{s,t) 



dv 



+ a{s)U{s, t) = , sedG , t>0 , (5.13) 



and (5.11). We note that at those x e G where p{x) > 0, (5.12) is a (hy- 
perbohc) wave equation and (5.11) specifies initially U and dfU, whereas 
at those x € G where p(x) = 0, (5.12) is a homogeneous (parabolic) diffu- 
sion equation and only U is specified initially. The condition (5.13) is the 
boundary condition of third type. 

If we choose V = {v & H^{G) : 70 (^') is constant} as in Section III. 4. 2 
and prescribe everything else as above, then we obtain a solution of (5.12), 
(5.11) and the boundary condition of fourth type 



U{s,t) = h{t), sedG, 

f ^^l^A ds+ [ a(s) ds ■ hit) = . 
JdG OV JdG > 



(5.14) 



Note that h{-) is an unknown in the problem. Boundary value problems with 
periodic boundary conditions can be put in the form of (5.14). 



5.3 

Let H = L'^{G),V = H^{G), and define A as in Section 5.2. Set = and 
define 



z{u,v) = / p{x)u{x)v{x) dx + / a{s)u{s)v{s) ds , 
Jg JdG 



u,v G V 



when p G L°°{G) and a G L'^idG) satisfy p{x) > 0, x e G, and a{s) > 0, 
s G dG. Let t H-). F{-,t) be given in C ^{[0, 00), L^{G)) and t g{-,t) be 
given in C^{[0, 00), L'^idG)); then define / G C^{[0, 00), W) by 

f{t){v) = [ p^/^{x)F{x,t)vix)dx+ [ a^/'^{s)g{s,t)v(s)ds , veV ,t>0. 
Jg Jog 

Let UqjUi G V with AUq G W. (This last inclusion is equivalent to requiring 
^nUo = p^^'^H for some H G L'^{G) and dyUQ + aU^ = a^/'^h for some 
h G L^(OG).) Then Corollary 4.2 applies to give a unique solution u of (4.2) 
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with initial conditions. Prom this we obtain a solution U of the problem 

' dt(p{x)dtU{x,t))-AnU{x,t)=py^{x)F{x,t) , 

xeG , t>0 , 

< dt{a{s)dtUis, t)) + d^U{s, t) + a{s)U{s, t) = (7^'^{s)g{s, t) , 

sedG , t>0 , 

, U{x, 0) = Uo{x) , dtU{x, 0) = Ui{x) . 

The boundary condition is obtained formally since we do not know A„f7(-, t) G 
LP'{G) for all i > 0; hence, (5.3) is not directly applicable. Such boundary 
conditions arise in models of vibrating membranes (or strings) with bound- 
aries (or ends) loaded with a mass distribution, thereby introducing an in- 
ertia term. Such problems could also contain mass distributions (or point 
loads) on internal regions. Similarly, internal or boundary damping can be 
included by appropriate choices of S, and we illustrate this in the following 
example. 



5.4 

Let V, A and C be given as in Section 5.3. Assume R G L°°{G), r G 
L'^idG) and that Re{i?(a;)} >0, x eG, Re{r(s)} > 0, s G dG. We define 
B G jC{V, V) by 



Bu{v) = / R{x)u{x)v{x) dx + / r{s)u{s)v{s) ds , u,vE:V. 
Jg JdG 

We need only to assume p{x) + Re{R{x)} > for a; G G; then Corol- 
lary 4.3 is applicable. Let t ^ Fi{-,t) in C{[0,oo),L'^{G)), t H> Gi{-,t) in 
C^i[0,oo),L'^{dG)), and t ^ G2{t) in C^([0, oo), L2(G)) be given. We then 
define F G C{[Q,oo),W') and g G C^([0,oo),y') by 

F(i) =pi/2Fi(.,t) , 

g{t){y) = [ a^/'^{s)Gi{s,t)v{s)ds+ [ G2{x,t)v{x) dx , veV. 
JdG JG 

liUieV and Vi G L'^{G), and V2 G L'^{dG), then U2 G W is defined by 

U2{v) = [ p^/^{x)Vi{x)v(^dx + / a^/^{s)V2{s)v{s)ds , veV , 
Jg JdG 
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and Corollary 4.3 gives a generalized solution of the following problem: 
' dfip{x)U{x, t)) + dt{R{x)U{x, t)) - A„i7(x, t) 

= p^/^{x)Fi{x,t) + G2{x,t) , xeG, 
dUa{s)U{s, t)) + dt{r{s)U{s, t)) + d,U{s, t) + {s)U{s, t) 
= (7V2(s)Gi(s,t) , sedG , t>Q , 

< 

p{x)U{x,Q) =p{x)Ui{x) , 

a{s)U{s, 0) = cj{s)Ui{s) , sedG 

dt{p{x)U{x,0)) + R{x)U{x,0) =p^/^{x)Vi{x) , 

^ dt{a{s)U{s, 0)) + r{s)U{s, 0) = a'/^{s)V2{s) . 

The right side of the partial differential equation could contain singularities 
in x as well. When Re{i?(x)} > in G, the preceding problem with p = 
and cr = is solved by Corollary 4.4. 

Similarly one can obtain generalized solutions to boundary value prob- 
lems containing partial differential equations of the type (3.3); that is, equa- 
tions of the form (5.9) plus the fourth-order term —dt{AndtU{x,t)). Finally, 
we record an abstract parabolic boundary value problem which is solved 
by using Corollary 4.6. Such problems arise in classical models of linear 
viscoelasticity (cf. (2.9)). 

Theorem 5.2 Let the Hilbert spaces and operators be given as in Theorem 
5.1, except we do not assume B + C is strictly monotone. If e > 0, f : 
[0, oo) — ^ W' is Holder continuous, uq G V and Ui G W' , there exists a 
unique u G C([0,(X)),F) n C^{[Q,oo),V) such that Cu' G C([0, cx)), VF') n 
C^{{Q>,oo),W'), u{Q) = UQ, Cu'(O) = Ui, and (5.5), (5.6) hold for each 
t > 0. 

Exercises 

1.1. Use the separation-of- variables technique to obtain a series representa- 

tion for the solution u of (1.1) with u{Q,t) = u{7T,t) = 0, u{x,Q) = 
uo{x) and dtu{x,0) = ui{x). 

1.2. Repeat the above for the viscoelasticity equation 

dfu — edfAnU — A„u = F{x, t) , e > . 
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1.3. Compare the convergence rates of the two series solutions obtained 
above. 

2.1. Explain the identification V^ = V' x W' in Section 2.1. 

2.2. Use Theorem 2.1 to prove Theorem 2.3. 

2.3. Use the techniques of Section 2 to deduce Theorem 2.3 from IV.5. 

2.4. Verify that the function / in Section 2.1 belongs to C^([0, T], ^^(G)). 

2.5. Use Theorem 2.1 to construct a solution of (2.5) satisfying the fourth 

boundary condition. Repeat for each of the examples in Section III. 4. 

2.6. Add the term jQQr{s)u{s)v{s) ds to (2.7) and find the initial-boundary 

value problem that results. 

2.7. Show that Theorem 2.1 applies to appropriate problems for the equation 

dfu{x, t) + dldtu{x, t) - dlu{x, t) = F{x, t) . 

2.8. Find some well-posed problems for the equation 

d^u{x, t) + d^u{x, t) = F{x, t) . 

3.1. Complete the proofs of Theorem 3.2 and Corollary 3.3. 

3.2. Verify that (3.3) is the characterization of (3.1) with the given data. 

4.1. Use Corollary 4.4 to solve the problem 

dtdxu{x,t) — d^u{x,t) = F{x,t) 

u{0,t) = cu{l,t) 
u{x, 0) = uq{x) 

for |c| < 1, c ^ 1. 

4.2. For each of the Corollaries of Section 4, give an example which illustrates 

a problem solved by that Corollary only. 
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5.1. In the proof of Theorem 5.1, verify that (4.2) is equivalent to the pair 

(5.5), (5.6). 

5.2. In Section 5.1, show C + B is strictly monotone, give sufficient conditions 

for (5.8) to be l^-elliptic, and characterize the condition AUq + BUi G 
W' as requiring that Uq satisfy an elliptic boundary value problem (of. 
Section 5.3). 

5.3. In Section 5.2, give sufficient conditions for a(-, •) to be F-elliptic. 

5.4. Show the following problem with periodic boundary conditions is well- 

posed: dfu — d^u = F{x,t), u{x,0) = uo{x), dtu{x,0) = ui{x,0), 
u{0,t) = u{l,t), dxu{0,t) = dxu{l,t). Generalize this to higher dimen- 
sions. 

5.5. A vibrating string loaded with a point mass m at x = ^ leads to the 

following problem: dfU = d'^u, u{0,t) = u{l,t) = 0, tt(x,0) = Uo{x), 
dtu{x,0) = ui{x), u{{^)-,t) = u{{l) + ,t), md'iu{^,t) = a^n((i) + ,t) - 
dxu{{^)~ ,t). Use the methods of Section 5.3 to show this problem is 
well-posed. 



Chapter VII 



Optimization and 
Approximation Topics 

1 Dirichlet's Principle 

When we considered elliptic boundary value problems in Chapter III we 
found it useful to pose them in a weak form. For example, the Dirichlet 
problem 

-Anu{x) = F{x) , xeG A 

u{s) = , sedGj ^^'^^ 

on a bounded open set G in M" was posed (and solved) in the form 

u e Hl{G) ■ [ Vu-Vvdx= [ F{x)v{x) dx , ve H^{G) . (1.2) 
Jg Jg 

In the process of formulating certain problems of mathematical physics as 
boundary value problems of the type (1.1), integrals of the form appearing 
in (1.2) arise naturally. Specifically, in describing the displacement u{x) at 
a point a; € G of a stretched string (n = 1) or membrane (n = 2) resulting 
from a unit tension and distributed external force F(x), we find the potential 
energy is given by 

E{u) = (^) J \Vu{x)\^dx- j F{x)u{x)dx . (1.3) 

Dirichlet's principle is the statement that the solution u of (1.2) is that 
function in Hq{G) at which the functional E{-) attains its minimum. That 
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is, u is the solution of 

u e Hl{G) : E{u) < E{v) , v G H^{G) . (1.4) 
To prove that (1.4) characterizes u, we need only to note that for each 

E{u + v)- E{u) = j (Vu • V^; - Fv) dx + (i) j iVvp dx 

and the first term vanishes because of (1.2). Thus E{u + v) > E{u) and 
equality holds only if u = 0. 

The preceding remarks suggest an alternate proof of the existence of a 
solution of (1.2), hence, of (1.1). Namely, we seek the element u of Hq{G) 
at which the energy function E{-) attains its minimum, then show that u 
is the solution of (1.2). This program is carried out in Section 2 where 
we minimize functions more general than (1.3) over closed convex subsets 
of Hilbert space. These more general functions permit us to solve some 
nonlinear elliptic boundary value problems. 

By considering convex sets instead of subspaces we obtain some elemen- 
tary results on unilateral boundary value problems. These arise in applica- 
tions where the solution is subjected to a one-sided constraint, e.g., u{x) > 0, 
and their solutions are characterized by variational inequalities. These top- 
ics are presented in Section 3, and in Section 4 we give a brief discussion of 
some optimal control problems for elliptic boundary value problems. 

Finally, Dirichlet's principle provides a means of numerically approxi- 
mating the solution of (1.2). We pick a convenient finite-dimensional sub- 
space of Hq{G) and minimize E{-) over this subspace. This is the Rayleigh- 
Ritz method and leads to an approximate algebraic problem for (1.2). This 
method is described in Section 5, and in Section 6 we shall obtain related 
approximation procedures for evolution equations of first or second order. 



2 Minimization of Convex Functions 

Suppose F is a real-valued function defined on a closed interval K (possibly 
infinite). If F is continuous and if either K is bounded or F{x) — ?> +00 as 
|x| +00, then F attains its minimum value at some point of K. This 
result will be extended to certain real-valued functions on Hilbert space 
and the notions developed will be extremely useful in the remainder of this 
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chapter. An essential point is to characterize the minimum by the derivative 
of F. Throughout this section F is a real separable Hilbert space, K is a 
non-empty subset of V and F : K ^Ris a function. 

2.1 

We recall from Section 1.6 that the space V is weakly (sequentially) compact. 
It is worthwhile to consider subsets of V which inherit this property. Thus, K 
is called weakly (sequentially) closed if the limit of every weakly convergent 
sequence from K is contained in K. Since convergence (in norm) implies 
weak convergence, a weakly closed set is necessarily closed. 

Lemma 2.1 If K is closed and convex (cf. Section 1.4.2), then it is weakly 
closed. 

Proof: Let a; be a vector not in K. Prom Theorem 1.4.3 there is an xq € 

which is closest to x. By translation, if necessary, we may suppose [xq + 
x)/2 = 9, i.e., X = —Xq. Clearly (a;,a;o) < so we need to show that 
(z, Xq) > for all z ^ K; from this the desired result follows easily. Since K 
is convex, the function : [0, 1] — )■ M given by 

ip{t) = \\{l-t)xQ + tz-x\\v , 0<i<l, 

has its minimum at t = 0. Hence, the right-derivative </'"^(0) is non-negative, 
i.e., 

[xq — X, Z — Xq) > . 

Since x = —xq, this gives {xq,z) > ||a::o||y > 0- 

The preceding result and Theorem 1.6.2 show that each closed, convex 
and bounded subset of V is weakly sequentially compact. We shall need to 
consider situations in which K is not bounded (e.g., K = V); the following 
is then appropriate. 

Definition. The function F has the growth property at x E K if, for some 

R > 0, y € K and \\y — x\\ > R implies F{y) > F{x). 

The continuity requirement that is adequate for our purposes is the fol- 
lowing. 

Definition. The function F : K ^ R is weakly lower-semi-continuous at 
X E K ii for every sequence in K which weakly converges to x E K 
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we have F{x) < liminf F(a;„). [Recall that for any sequence {a„} in M, 
liminf (an) = supfc>o(infn>fc(a„)).] 

Theorem 2.2 Let K he closed and convex and F : K be weakly lower- 
semi-continuous at every point of K. //(a) K is bounded or if (h) F has the 

growth property at some point in K , then there exists an Xq E K such that 
F{xq) < for all x E K. That is, F attains its minimum on K. 

Proof: Let m = inf{F(x) : x G K} and {xn} a sequence in K for which 
m = lim F{xn)- If (a) holds, then by weak sequential compactness there is 
a subsequence of denoted by which converges weaJcly to xq G V; 

Lemma 2.1 shows xq € K. The weak lower-semi-continuity of F shows 
Fixo) < liminf F(x„') = m, hence, F{xq) = m and the result follows. For 
the case of (b), let F have the growth property at z E K and let > 
be such that F{x) > F{z) whenever \\z — x\\ > R and x G K. Then set 
B = {x <^ V : \\x — z\\ < R} and apply (a) to the closed, convex and 
bounded set B D K. The result follows from the observation inf{i<'(a;) : 
xeK} = inf {F(a;) ixeBnK}. 

We note that if K is bounded then F has the growth property at ev- 
ery point of K; thus the case (b) of Theorem 2.2 includes (a) as a special 
case. Nevertheless, we prefer to leave Theorem 2.2 in its (possibly) more 
instructive form as given. 

2.2 

The condition that a function be weakly lower-semi-continuous is in general 
difficult to verify. However for those functions which are convex (see below), 
the lower-semi-continuity is the same for the weak and strong notions; this 
can be proved directly from Lemma 2.1. We shall consider a class of func- 
tions for which convexity and lower semicontinuity are easy to check and, 
furthermore, this class contains all examples of interest to us here. 

Definition. The function F : K —t- R is convex if its domain K is convex 
and for all x,y £ K and t € [0, 1] we have 



F{tx + (1 - t)y) < tF{x) + (1 - t)F{y) 



(2.1) 
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Definition. The function F : if — > M is G-differentiable at x E K if K is 
convex and if there is a F'{x) € V' such that 



hm — 

t^o+ t 



F{x + t{y - x)) - F{x)\ = F'{x){y - x) 



for all y G K. F'{x) is called the G- differential of F at x. If F is G- 
differentiable at every point in K, then F' : K ^ V' is the gradient of F on 
K and F is the potential of the function F'. 

The G-differential F'(x) is precisely the directional derivative of F at the 
point X in the direction toward y. The following shows how it characterizes 
convexity of F. 

Theorem 2.3 Let F : K ^M. be G-differentiable on the convex set K. The 
following are equivalent: (a) F is convex, (b) For each pair x,y E K we have 

F'{x){y-x)<F{y)-F{x) . (2.2) 

(c) For each pair x,y E K we have 

{F'{x)-F'{y)){x-y)>0. (2.3) 



Proof: If F is convex, then F{x + t{y — x)) < F{x) + t{F{y) — F{x)) for 
x,y e K andt e [0,1], so (2.2) follows. Thus (a) implies (b). If (b) holds, 
we obtain F'{y){x — y) < F{x) — F{y) and F{x) — F{y) < F'{x){x — y), so 
(c) follows. 

Finally, we show (c) implies (a). Let x,y e K and define (p : [0, 1] — >■ K 

by 

^(t) = Fitx + (1 - t)y) = F{y + t{x - y)) , t G [0, 1] . 

Then ip'{t) = F'{y + t{x — y)){x — y) and we have for < s < i < 1 the 
estimate 

(<p\t)-v'is)){t-s) = {F\y + t{x-y))-F'{y + s{x-y)mt-s){x-y)) > 

from (c), so if' is non-decreasing. The Mean- Value Theorem implies that 

(^(1) - ^{t) ^ ^{t) - 99(0) o<i<l 
1-t - t-0 

Hence, ip{t) < tip{l) + (1 - t)ip{0), and this is just (2.1). 
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Corollary 2.4 Let F be G-differentiable and convex. Then F is weakly 
lower- semi- continuous on K. 

Proof: Let the sequence {xn} C K converge weakly to x E K. Since 
F'{x) G V, we have IimF'(x)(x„) = F'{x){x), so from (2.2) we obtain 

liminf(F(2:„) - F{x)) > liminf F'(x)(x„ - x) = Q . 

This shows F is weakly lower-semi-continuous at x & K. 

Corollary 2.5 In the situation of Corollary 2.4, for each pair x,y E K the 
function 

t^ F'{x + t{y-x)){y-x) , t G [0, 1] 

is continuous. 

Proof: We need only observe that in the proof of Theorem 2.3 the function 
(p' is a monotone derivative and thereby must be continuous. 

2.3 

Our goal is to consider the special case of Theorem 2.2 that results when F 
is a convex potential function. It will be convenient in the applications to 
have the hypothesis on F stated in terms of its gradient F' . 

Lemma 2.6 Let F he G-differentiable and convex. Suppose also we have 

F'{x){x) 

hm — , ^ = +00 , X € K . 
||a;||-)-+oo 

Then limjj^n^oQ ^i^) = +oo, so F has the growth property at every point in 
K. 

Proof: We may assume 9 E K. For each x E K we obtain from Corol- 
lary 2.5 

F{x) - F{e) = C F'{tx){x) dt 
Jo 

= C{F\tx) - F'{e)){x) dt + F'{e){x) . 
Jo 
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With (2.3) this impHes 

F{x) - F{e) > C {F'{tx) - F'{e)){x) dt + F'{e){x) . (2.4) 

Jl/2 

Prom the Mean- Value Theorem it follows that for some s = s{x) G [5, 1] 
Fix) - Fm > (i) {F'(sxHx) + F'(9)(x)) 

Since ||sa;|| > (5)||a;|| for all x E K, the result follows. 

Definitions. Let D be a non-empty subset of V and T : D ^ V' he a 
function. Then T is monotone if 

{T{x)-T{y)){x-y)>0 , x,y € D , 

and strictly monotone if equality holds only when x = y. We call T coercive 
if 

fT{x){x)\ 
lim , ^ = -1-00 . 

||a;||->-oo \ ||x|| / 

After the preceding remarks on potential functions, we have the following 
fundamental results. 

Theorem 2.7 Let K be a non-empty closed, convex subset of the real sep- 
arable Hilbert space V , and let the function F : K ^ W be G-dijferentiable 
on K. Assume the gradient F' is monotone and either (a) K is hounded or 
(b) F' is coercive. Then the set M = {x e K : F{x) < F{y) for all y e K} 
is non-empty, closed and convex, and x E M if and only if 

xeK: F'{x){y-x)>0 , yeK. (2.5) 

Proof: That M is non-empty follows from Theorems 2.2 and 2.3, Corollary 
2.4 and Lemma 2.6. Each of the sets My = {x E K : F{x) < F{y)} is closed 
and convex so their intersection, M, is closed and convex. If a; G M then 
(2.5) follows from the definition of F'{x); conversely, (2.2) shows that (2.5) 
implies x G M. 
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2.4 

We close with a sufficient condition for uniqueness of the minimum point. 

Definition. The function F : K ^ M. is strictly convex if its domain is 
convex and for x,y E K, x y, and t G (0, 1) we have 

F{tx + (1 - t)y) < tF{x) + (1 - t)F{y) . 

Theorem 2.8 A strictly convex function F : K ^ R has at most one point 
at which the minimum is attained. 

Proof: Suppose xi,X2 G K with F{xi) = F{x2) = mi{F{y) : y G K} and 
xi ^ X2. Since \{x\ + X2) G the strict convexity of F gives 

F ((^)(xi + X2)) < (^) + F{X2)) = inf : y e K} , 

and this is a contradiction. 

The third part of the proof of Theorem 2.3 gives the following. 

Theorem 2.9 Let F he G-differentiahle on K. If the gradient F' is strictly 
monotone, then F is strictly convex. 

3 Variational Inequalities 

The characterization (2.5) of the minimum point tt of -F on if is an example 
of a variational inequality. It expresses the fact that from the minimum point 
the function does not decrease in any direction into the set K. Moreover, if 
the minimum point is an interior point of K, then we obtain the "variational 
equality" F'{u) = 0, a functional equation for the (gradient) operator F'. 

3.1 

We shall write out the special form of the preceding results which occur 
when is a quadratic function. Thus, V is a, real Hilbert space, / G V, and 
a(-, •) : y X y — >■ R is continuous, bilinear and symmetric. Define F -.V ^ R 

by 

F{v) = [^)a{v,v)-f{v), veV. (3.1) 
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Prom the symmetry of •) we find the G-differential of F is given by 

F'{u){v — u) = a{u, V — u) — f{v — u) , u,v eV . 

If A : V ^ V is the operator characterizing the form a(-, •), cf. Section 1.5.4, 
then we obtain 

F'{u) = Au-f, ueV . (3.2) 

To check the convexity of F by the monotonicity of its gradient, we compute 

{F'u — F'v){u — v) = a{u — v,u — v) = A{u — v){u — v) . 

Thus, F' is monotone (strictly monotone) exactly when a(-, •) is non-negative 
(respectively, positive), and this is equivalent to A being monotone (respec- 
tively, positive) (cf. Section V.l). The growth of F is implied by the state- 
ment 

hm (^)=+oo. (3.3) 

Since F{v) > {^)a{v,v) — ||/|| • \\v\\, from the identity (3.2) we find that (3.3) 
is equivalent to F' being coercive. 

The preceding remarks show that Theorems 2.7 and 2.8 give the follow- 
ing. 

Theorem 3.1 Let a{-, ■) : V x V R be continuous, bilinear, symmetric 

and non-negative. Suppose f & V and K is a closed convex subset of V. 
Assume either (a) K is bounded or (b) a(-, •) is V -coercive. Then there exists 
a solution of 

u e K : a{u, v - u) > f{v - u) , v e K . (3.4) 

There is exactly one such u in the case of (b); there is exactly one in case 
(a) if we further assume o(-, •) is positive. 

Finally we note that when K is the whole space V, then (3.4) is equivalent 

to 

ueV: a{u,v) = f{v), veV, (3.5) 

the generalized boundary value problem studied in Chapter III. For this 
reason, when (3.5) is equivalent to a boundary value problem, (3.5) is called 
the variational form of that problem and such problems are called variational 
boundary value problems. 

We shall illustrate some very simple variational inequalities by examples 
in which we characterize the solution by other means. 
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3.2 Projection 

Given the Hilbert space V, the closed convex subset K, and the point uq G V, 
we define 

a{u,v) = {u,v)v , f{v) = {uo,v)v, u,veV. 
Then (3.1) gives the function 

F{v) = {\\uo - vf - \\uof} , veV , 
so u & K is the minimum of F on K if and only if 

W^o — u\\ < \\uo — f II , V E K . 

That is, u is that (unique) point of K which is closest to uq. The existence 
and uniqueness follows from Theorem 3.1; in this case we have the equivalent 
of Theorem 1.4.3. The computation 

F'{u){v — u) = {u — vo,v — u)v 

shows that u is characterized by the variational inequality 

u K : (u — uq,v — u)v > , f € -ftT , 

and the geometric meaning of this inequality is that the angle between u — uq 
and V — u is between — 7r/2 and 7r/2 for each v e K. If is a subspace of 
V, this is equivalent to (3.5) which says u — Uq is orthogonal to K. That is, 
u is the projection of uq on the space K, cf. Section 1.4.3. 

3.3 Dirichlet's Principle 

Let G be a bounded open set in and V = H^{G). Let F G L^{n) and 
define 

a{u,v) = / Vu-Vvdx, f{v)= / F{x)v{x)dx, u,v&V. 
Jg Jg 

Thus, the function to be minimized is 

E{v) = (i) J \djv\'^ dx- J Fvdx , veV . 

In the applications this is a measure of the "energy" in the system. Take K 
to be the whole space: K = V. The point u at which E attains its minimum 
is characterized by (3.5). Thus, the solution is characterized by the Dirichlet 
problem (1.1), cf. Chapter III. 
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3.4 Free Boundciry Problem 

We take the space V, the form a(-, ■) and functional / as above. Let g G 
Hq{Q) and define 

K = {v e H^iG) : v{x) > g{x) a.e. x € G} . 

Since a(-, •) is F-coercive, there exists a unique solution u of (3.4). This 
solution is characterized by the following: 



u> g in G , u = on dG , ' 
—AnU — F >0 in G , and 
{u-g){-AnU-F) = Oin G . , 



(3.6) 



The first follows from u e K and the second is obtained from (3.4) by setting 
V = u + (p for any (p G Cq°{G) with </p > 0. Given the first two lines of (3.6), 
the third line follows by setting v = g in (3.4). One can show, conversely, 
that any u € H^{G) satisfying (3.6) is the solution of (3.4). Note that the 
region G is partitioned into two parts 

Gq = {x : u{x) = g{x)} , G+ = {x : u{x) > g{x)} 

and —AnU = F in That is, in Go (G^) the first (respectively, second) 
inequality in (3.6) is replaced by the corresponding equation. There is a free 
boundary at the interface between Go and G-(-; locating this free boundary 
is equivalent to reducing (3.6) to a Dirichlet problem. 



3.5 Unilateral Boundary Condition 

Choose V = H\G) and K = {v e V : V > gi on dG}, where gi G H^{G) is 
given. Let F{-) e L^(G), 52 e L'^{dG) and define f eV'hy 

f{v)= / Fvdx+ / g2vds, v&V 
Jg JdG 



where we suppress the trace operator in the above and hereafter. Set 
a{u,v) = (tt, w)hi(g)- Theorem 3.1 shows there exists a unique solution 
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u E K of (3.4). This solution is characterized by the following: 



—AnU + u = F in G , 
u> 91 on dG , 

— — > 52 on dG , and 



> 



(3.7) 



g2){u-gi) = 0ondG . 



We shall show that the solution of (3.4) satisfies (3.7); the converse is left to 
an exercise. The first inequality in (3.7) follows from u £ K. If G Cq°(G), 
then setting v = u + (p, then v = u — ip in (3.4) we obtain the partial 
differential equation in (3.7). Inserting this equation in (3.4) and using the 
abstract Green's formula (Theorem III.2.3), we obtain 



If w e H^{G) satisfies w > on dG, we may set v = u + w in (3.8); this 
gives the second inequality in (3.7). Setting v = gi in (3.8) yields the last 
equation in (3.7). Note that there is a region Tq in dG on which u = gi, and 
du/du = g2 on dG ^ Tq. Thus, finding u is equivalent to finding Tq, so we 
may think of (3.7) as another free boundary problem. 

4 Optimal Control of Boundary Value Problems 



Various optimal control problems are naturally formulated as minimization 
problems like those of Section 2. We illustrate the situation with a model 
problem which we discuss in this section. 

Example. Let G be a bounded open set in M" whose boundary dG is a 
C^-manifold with G on one side. Let F G L'^iG) and g G L'^{dG) be given. 
Then for each control v £ !?■ {dG) there is a corresponding state y E (G) 
obtained as the unique solution of the system 




V e K . 



(3.8) 



4.1 



-A„y + y = F 





(4.1) 
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and we denote the dependence of y on f by y = y{v). Assume that we 
may observe the state y only on dG and that our objective is to choose v 
so as to place the observation y{v)\ga closest to a given desired observation 
w G L'^idG). Each control v is exerted at some cost, so the optimal control 
problem is to minimize the "error plus cost" 

J{v)= [ \y{v) - dx + c I \v\'^dx (4.2) 
JdG JdG 

over some given set of admissible controls in L'^{dG). An admissible control 
u at which J attains its minimum is called an optimal control. We shall 
briefly consider problems of existence or uniqueness of optimal controls and 
alternate characterizations of them, and then apply these general results to 
our model problem. 

We shall formulate the model problem (4.1), (4.2) in an abstract setting 
suggested by Chapter III. Thus, let V and H be real Hilbert spaces with 

V dense and continuously imbedded in H; identify the pivot space H with 
its dual and thereby obtain the inclusions V ^ H ^ V' . Let a(-, •) be 
a continuous, bilinear and coercive form on V for which the corresponding 
operator A:V given by 

a{u,v) = Au{v) , u,v 

is necessarily a continuous bijection with continuous inverse. Finally, let 
/ G y be given. (The system (4.1) with v = can be obtained as the 
operator equation Ay = f for appropriate choices of the preceding data; cf. 
Section III. 4. 2 and below.) 

To obtain a control problem we specify in addition to the state space 

V and data space V' a Hilbert space U of controls and an operator B € 
jO,{U, V'). Then for each control v E U, the corresponding state y = y{v) is 
the solution of the system (cf. (4.1)) 

Ay = f + Bv, y = y{v) . (4.3) 

We are given a Hilbert space W of observations and an operator C G £(y, W). 
For each state y there is a corresponding observation Cy G W which 
we want to force close to a given desired observation w G W. The cost 
of applying the control v € U is given by Nv{v) where N G >C(C/, U') is 
symmetric and monotone. Thus, to each control v E U there is the "error 
plus cost" given by 

J{v) = \\Cyiv)-wfw + Nv{v) . (4.4) 
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The optimal control problem is to minimize (4.4) over a given non-empty 
closed convex subset C/ad of admissible controls in U. An optimal control is 
a solution of 

ueUgd- J{u) < J{v) for all v eUs,d ■ (4.5) 

4.2 

Our objectives are to give sufficient conditions for the existence (and possible 
uniqueness) of optimal controls and to characterize them in a form which 
gives more information. 

We shall use Theorem 2.7 to attain these objectives. In order to compute 
the G-differential of J we first obtain from (4.3) the identity 

Cy{v) -w = CA'^Bv + CA~^f - w 

which we use to write (4.4) in the form 

J{v) = \\CA-^Bv\\l, + Nv{v) + 2{CA-^Bv,CA-^f-w)w + \\CA-^f-w\\l, . 

Having expressed J as the sum of quadratic, linear and constant terms, we 
easily obtain the G-differential 

J'iv){^) = 2{{CA~^Bv,CA-^B^)w (4.6) 
+Nv{ip) + {CA-^B^,CA-^f - w)w} 
= 2{{Cy{v)-w,CA-^Bip)w + Nv{ip)} . 

Thus, we find that the gradient J' is monotone and 

(i) J\v){v) > Nv{v) - (const.) Il^llc/ , 

so J' is coercive if N is coercive, i.e., if 

Nv{v) > c\\v\\fj , veU^, (4.7) 

for some c > 0. Thus, we obtain from Theorem 2.7 the following. 

Theorem 4.1 Let the optimal control problem be given as in Section ^.1. 
That is, we are to minimize (4.4) subject to (4.3) over the non-empty closed 
convex set ?7ad . Then if either (a) C/ad *s bounded or (b) N is coercive over 
C/ad; then the set of optimal controls is non-empty, closed and convex. 
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Corollary 4.2 In case (b) there is a unique optimal control. 

Proof: This follows from Theorem 2.9 since (4.7) implies J' is strictly mono- 
tone. 

4.3 

We shall characterize the optimal controls by variational inequalities. Thus, 
u is an optimal control if and only if 

u G C/ad : J'{u){v -u)>0, veU^; (4.8) 

this is just (2.5). This variational inequality is given by (4.6), of course, but 
the resulting form is difficult to interpret. The difficulty is that it compares 
elements of the observation space W with those of the control space U; 
we shall obtain an equivalent characterization which contains a variational 
inequality only in the control space U. In order to convert the first term on 
the right side of (4.6) into a more convenient form, we shall use the Riesz 
map Rw of W onto W given by (cf. Section 1.4.3) 

Rw{x){y) = {x,y)w , x,yeW 

and the dual C G C{W', V) of C given by (cf. Section 1.5.1) 

C'if)ix) = f{C{x)) , feW',xeV. 

Then from (4.6) we obtain 

(i) J'{u){v) = {Cy{u) - w,CA~'^Bv)w + Nu{v) 

= Rw{Cy{u) - w){CA~^Bv) + Nu{v) 

= C'Rw{Cy{u) - w){A~^Bv) + Nu{v) , u,v G U . 

To continue we shall need the dual operator A' G C{V, V') given by 

A'x{y) = Ay{x) , x,y eV , 

where V" is naturally identified with V. Since A' arises from the bilinear 
form adjoint to a{-, •), A' is an isomorphism. Thus, for each control v E U we 
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can define the corresponding adjoint state p = p{v) as the unique solution 
of the system 

A'p = C'Rw{Cy{v) -w) , p = p{v) . (4.9) 

Prom above we then have 

(i) J'{u){v) = A'p{u){A~^Bv) + Nu{v) 
= Bv{p{u)) + Nu{v) 
= B'p{u){v) + Nu{v) 

where B' G C{y, U') is the indicated dual operator. These computations lead 
to a formulation of (4.8) which we summarize as follows. 

Theorem 4.3 Let the optimal control problem he given as in (4.1). Then 
a necessary and sufficient condition for u to be an optimal control is that it 
satisfy the following system: 



ueUa,d , Ay{u) = f + Bu , 
A'piu) = C'Rw{Cy{u) - w) , 
{B'p{u) + Nu){v -u)>Q , all veU^ . , 



(4.10) 



The system (4.10) is called the optimality system for the control problem. 
We leave it as an exercise to show that a solution of the optimality system 
satisfies (4.8). 

4.4 

We shall recover the Example of Section 4.1 from the abstract situation 
above. Thus, we choose V = H^{G), a{u,v) = {u,v)hi[g)i ^ = L^{dG) and 
define 

f{v)= / F{x)v{x)dx+ / g{s)v{s)ds , veV, 
Jg JdG 

Bu{v) = / u{s)v{s) ds , u E U , V E V . 

JdG 

The state y{u) of the system determined by the control u is given by (4.3), 
i.e., 

-Any + y = F in G, 

dy ^ _ (4-11) 

— = o + on oG . 

ov 
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Choose W = L'^{dG), weW, and define 

Nu{v) = c u{s)v{s)ds , u,v & W , {c > 0) 
JdG 

Cu{v) = / u{s)v{s) ds , u eV , V eW . 

JdG 

The adjoint state equation (4.9) becomes 

-AnP + p = in G 

Op (4-12) 
— = y — w on oG 

Of 

and the variational inequaUty is given by 

ueU^d- iP + cu){v -u)ds >0 , V eUad . (4.13) 
JdG 

From Theorem 4.1 we obtain the existence of an optimal control if Ug^d is 
bounded or if c > 0. Note that 

J{v)= [ \y{v) - ds + c f \v\'^ds (4.14) 
JdG JdG 

is strictly convex in either case, so uniqueness follows in both situations. 
Theorem 4.3 shows the unique optimal control u is characterized by the 
optimality system (4.11), (4.12), (4.13). We illustrate the use of this system 
in two cases. 

4.5 U^^L\dG) 

This is the case of no constraints on the control. Existence of an optimal 
control follows if c > 0. Then (4.13) is equivalent to p + cu = 0. The 
optimality system is equivalent to 

-Any + y = F, -AnP + p = inG 

dy dp 

= 9 - [ - ]P , — = y-w on dG 

and the optimal control is given hy u= — (l/c)p. 

Consider the preceding case with c = 0. We show that an optimal control 
might not exist. First show inf{J(t!) : v G C/} = 0. Pick a sequence {wm} of 
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very smooth functions on dG such that Wm w in L"^ {dG) . Define ym by 

-^nVm + ym = F in G 

Vm = Wm on dG 

and set Vm = {dym/dv) — g, m > 1. Then Vm £ L^{dG) and J{vm) = 
\\wm — w\\\2(^QQ^ — > 0. Second, note that if u is an optimal control, then 
J (it) = and the corresponding state y satisfies 

-A„y + y = F in G 

y = w on dG . 

Then we have (formally) u = {dy/du) — g. However, if it; G L'^{dG) one does 
not in general have {dy/dv) € L'^{dG). Thus u might not be in L^{dG) in 
which case there is no optimal control (in Lp'ipG)). 

4.6 

^ad = {v ^ Lp'{dG) : < v{s) < M a.e.}. Since the set of admissible 
controls is bounded, there exists a unique optimal control u characterized 
by the optimality system (4.10). Thus, u is characterized by (4.11), (4.12) 
and 

if <u < M , then p + cu = 

if u = , then p > , and (^-15) 

if u = M , then p + cu <0 . 

We need only to check that (4.13) and (4.15) are equivalent. The boundary 
is partitioned into the three regions determined by the three respective cases 
in (4.15). This is analogous to the free boundary problems encountered in 
Sections 3.3 and 3.4. 

We specialize the above to the case of "free control," i.e., c = 0. One 
may search for an optimal control in the following manner. Motivated by 
(4.11) and (4.14), we consider the solution Y of the Dirichlet problem 

-AnY + Y = F in G , 
Y = w on dG . 
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If it happens that 

dY 

< — - g < M on dG , (4.16) 
then the optimal control is given by (4.11) as 

dY 

Note that u G t/ad and J{u) = 0. 

We consider the contrary situation in which (4.16) does not hold. Specif- 
ically we shall show that (when all aspects of the problem are regular) the 
set r = {s G dG : < u{s) < M, p{s) = 0} is empty. This implies that the 
control takes on only its extreme values 0, M; this is a result of "bang-bang" 
type. 

Partition T into the three parts Tq = {s G F : y{s) = w{s)}, r_|_ = 
{s G r : y{s) > w{s)} and r_ = {s G F : y(s) < w{s)}. On any interval 
in To we have p = (by definition of T) and |2 = from (4.12). Prom 
the uniqueness of the Cauchy problem for the elliptic equation in (4.12), we 
obtain p = in G, hence, y = w on dG. But this implies y = Y, hence 
(4.16) holds. This contradiction shows Pq is empty. On any interval in P_|_ 
we have p = Q and |^ > 0. Thus, p < in some neighborhood (in G) 
of that interval. But Ap < in the neighborhood follows from (4.12), so 
a maximum principle implies ^ < on that interval. This contradiction 
shows P+ is empty. A similar argument holds for r_ and the desired result 
follows. 



5 Approximation of Elliptic Problems 

We shall discuss the Rayleigh-Ritz-Galerkin procedure for approximating 
the solution of an elliptic boundary value problem. This procedure can 
be motivated by the situation of Section 3.1 where the abstract boundary 
value problem (3.5) is known to be equivalent to minimizing a quadratic 
function (3.1) over the Hilbert space V. The procedure is to pick a closed 
subspace S ol V and minimize the quadratic function over S. This is the 
Rayleigh-Ritz method. The resulting solution is close to the original solution 
if S closely approximates V. The approximate solution is characterized 
by the abstract boundary vlaue problem obtained by replacing V with S; 
this gives the (equivalent) Galerkin method of obtaining an approximate 
solution. The very important finite- element method consists of the above 
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procedure applied with a space S of piecewise polynomial functions which 
approximates the whole space V. The resulting finite-dimensional problem 
can be solved efficiently by computers. Our objectives are to describe the 
Rayleigh-Ritz-Galerkin procedure, obtain estimates on the error that results 
from the approximation, and then to give some typical convergence rates that 
result from standard finite-element or spline approximations of the space. 
We shall also construct some of these approximating subspaces and prove 
the error estimates as an application of the minimization theory of Section 2. 



5.1 

Suppose we are given an abstract boundary value problem: y is a Hilbert 
space, a(-, •) : ^ x y — > K is continuous and sesquilinear, and / G V. The 
problem is to find u satisfying 

ueV -.aiu^v) = f{v) , veV. (5.1) 

Let 5 be a subspace of V. Then we may consider the related problem of 
determining Ug satisfying 

Us e S : a{us,v) = f{v) , veS. (5.2) 

We shall show that the error Ug — u is small if S approximates V sufficiently 
well. 



Theorem 5.1 Let a(-, •) be a V -coercive continuous sesquilinear form and 
f G v. Let S be a closed subspace ofV. Then (5.1) has a unique solution 
u and (5.2) has a unique solution Ug. Furthermore we have the estimate 

\\us - u\\ < [K/c) inf{||« -v\\:v ^S} , (5.3) 

where K is the bound on a{-, •) (of. the inequality 1.(5. 2)J and c is the coer- 
civity constant (cf. the inequality 111.(2. 3)j. 



Proof: The existence and uniqueness of the solutions u and Ug of (5.1) and 
(5.2) follow immediately from Theorem III.2.1 or Theorem 3.1, so we need 
only to verify the estimate (5.3). By subtracting (5.1) from (5.2) we obtain 

a{ug-u,v) = 0, veS. (5.4) 
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Thus for any w & S we have 

a{us — u,Us — u) = a{us — u,w — u) + a{us — u,Us — w) . 
Since Ug — w = v e S it follows that the last term is zero, so we obtain 

c\\us — u\\'^ < K\\us — u\\ \\w — u\\ , w G S . 

This gives the desired result. 

Consider for the moment the case of V being separable. Thus, there is a 
sequence {vi,V2, v^, . . .} in V which is a basis for V. For each integer m > 1, 
the set {vi,V2, ■ ■ ■ ,Vm} is linearly independent and its linear span will be 
denoted by Vm- If Pm is the projection of V into Vm, then lim^^cx, Prn'W = v 
for all V eV. The problem (5.2) with S = Vm is equivalent to 

Um^Vm-. a{Um, Vj) = f{vj) , 1 < j < m . 

There is exactly one such Um for each integer m > 1 and we have the 
estimates \\um — u\\ < {K/c)\\u — Pmu\\- Hence, lim^_>.ooU^ = u in V and 
the rate of convergence is determined by that of {P^u} to the solution u 
of (5.1). Thus we are led to consider an approximating finite-dimensional 
problem. Specifically Um is determined by the point x = {xi,X2, ■ ■ ■ ,Xm) & 
K"* through the identity Um = X)i=i (5-2) is equivalent to the mxm 

system of linear equations 

m 

^a{vi,Vj)xi = f{vj) , 1 < i < m . (5.5) 

i=l 

Since a{-, •) is F-coercive, the mxm coefficient matrix {a{vi, Vj)) is invertible 

and the linear system (5.5) can be solved for x. The dimension of the system 
is frequently of the order m = 10^ or 10^, so the actual computation of 
the solution may be a non-trivial consideration. It is helpful to choose the 
basis functions so that most of the coefficients are zero. Thus, the matrix 
is sparse and various special techniques are available for efficiently solving 
the large linear system. This sparseness of the coefficient matrix is one of 
the computational advantages of using finite-element spaces. A very special 
example will be given in Section 5.4 below. 
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5.2 

The fundamental estimate (5.3) is a bound on the error in the norm of the 
Hilbert space V. In appUcations to elliptic boundary value problems this 
corresponds to an energy estimate. We shall estimate the error in the norm 
of a pivot space H. Since this norm is weaker we expect an improvement on 
the rate of convergence with respect to the approximation of V by S. 

Theorem 5.2 Let a{-, •) be a continuous, sesquilinear and coercive form on 
the Hilbert space V , and let H be a Hilbert space identified with its dual and 
in which V is dense, and continuously imbedded. Thus, V "-^ H "-^ V' . 
Let A* : D* ^ H be the operator on H which is determined by the adjoint 
sesquilinear form, i.e., 

a{v,w) = {A*w,v)h , w G D* , V eV 

(of. Section 111.7.5). Let S be a closed subspace of V and e*{S) a corre- 
sponding constant for which we have 

mi{\\w-v\\:veS}<e*{S)\A*w\H , w e D* . (5.6) 

Then the solutions u of (5.1) and Us of (5.2) satisfy the estimate 

\u -Us\h< {K'^/c) inf{||u -v\\:ve S}e*{S) . (5.7) 

Proof: We may assume u Ug] define g = {u — Us)/\u — Us\h and choose 
w € D* so that A*w = g. That is, 

a{v,w) = {v,g)H , V eV , 

and this implies that 

a{u - Us,w) = {u- Us,g)H = \u- Us\h ■ 
Prom this identity and (5.4) we obtain for any v e S 

\u — Us\h = a{u — Us,w — v) < K\\u — Us\\ \\w — v\\ < K\\u — Us\\e*{S)\A*w\H ■ 
Since = \g\H = 1, the estimate (5.7) follows from (5.3). 
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Corollary 5.3 Let A : D H be the operator on H determined by a(-, •), 
V, H, i.e., 

a{w,v) = {A'w,v)h , w E D , V E V . 
Let e{S) be a constant for which 

ini{\\w -v\\:veS}< e{S)\Aw\H , w e D . 

Then the solutions of (5.1) and (5.2) satisfy the estimate 

\u - Us\h < {K^/c)e{S)e*iS)\Au\H • (5.8) 

The estimate (5.7) will provide the rate of convergence of the error that 
is faster than that of (5.3). The added factor e*(<S') arising in (5.6) will 
depend on how well S approximates the subspace D* of "smoother" or "more 
regular" elements of V. 

5.3 

We shall combine the estimates (5.3) and (5.7) with approximation results 
that are typical of finite-element or spline function subspaces of H^{G). This 
will result in rate of convergence estimates in terms of a parameter h > 
related to mesh size in the approximation scheme. The approximation as- 
sumption that we make is as follows: Suppose "H is a set of positive numbers, 
M and > are integers, and S = {Sh ■ h G H} is a collection of closed 
subspaces oi V C H^{G) such that 

inf{||«; - u||jfi(G) ■veSh}< My-^\\w\\Hj(^a) (5-9) 

for all /i G 7{, 1 < j < fc + 2, and w; G W{G) f^ V. The integer A; + 1 is called 
the degree of S. 

Theorem 5.4 Let V be a closed subspace of H^{G) with Hq(G) C V and 
let a{-, ■) : V X V ^ K be continuous, sesquilinear and V -coercive. Let S 

be a collection of closed subspaces of V satisfying (5.9) for some k > 0, and 
assume a(-, •) is k-regular on V. Let F G H^{G) and define f £ V by 
f{v) = {F,v)h, V G V, where H = L'^{G). Let u be the solution of (5.1) 
and, for each h Uh be the solution of {5.2) with S = Sh- Then for some 
constant ci we have 



u-Uh\\m{G) <cih'''^'^ , hen 



(5.10) 
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If in addition the sesquilinear form adjoint to a{-, •) is 0-regular, then for 
some constant C2 we have 

\\u-Uh\\L^G) <C2h''^'^ , hen. (5.11) 

Proof: Since F G H''{G) and a(-, •) is fe-regular it follows that u G i7'=+^(G). 
Hence we combine (5.3) with (5.9) to obtain (5.10). If the adjoint form 

is 0-regular, then in Theorem 5.2 we have D* C H'^{G) and lluiH j:/2(f;) < 
{const.)\\A*w\\i2(^G)- Hence (5.9) with j = 2 gives (5.6) with e*{Sii) = 
(const. )/i. Thus (5.11) follows from (5.7). 

Sufficient conditions for a(-, •) to be fc-regulax were given in Section III.6. 
Note that this permits all the hypotheses in Theorem 5.4 to be placed on the 
data in the problem (5.1) being solved. For problems for which appropriate 
regularity results are not available, one may of course assume the appropriate 
smoothness of the solution. 

5.4 

Let G be the interval (0, 1) and V a closed subspace of H^{G). Any function 

f £ V can be approximated by a piecewise-linear /o G V; we need only to 
choose /o so that it agrees with / at the endpoints of the intervals on which 
/o is affine. This is a simple Lagrange interpolation of / by the linear finite- 
element function /o, and it leads to a family of approximating subspaces of 
degree 1. We shall describe the spaces and prove the estimates (5.9) for this 
example. 

Let P = {0 = xo<a;i<---<XAr< xn+i = 1} be a partition of G 
and denote by //(P) the mesh of P : /x(P) = max{xj_|_i — Xj : < j < N}. 
The closed convex set K = {v e V : v{xj) = 0, < j < AT + 1} is 
basic to our construction. Let f e V he given and consider the function 
F{v) = i^)\d{v - f)\jj on V, where H = L'^{G). The G-differential is given 

by 

F'{u){v) = {d{u-f),dv)H, u,veV. 

We easily check that F' is strictly monotone on K\ this follows from Theorem 
II.2.4. Similarly the estimate 

F'{v){v) = \dv\l - {df,dv)H > \dv\l - \df\H\dv\H , veV , 

shows F' is coercive on K. It follows from Theorems 2.7 and 2.9 that there 
is a unique Uf G if at which F takes its minimal value on K, and it is 
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characterized in (2.5) by 

UfEK: {d{uf - f),dv)H = , veK. 

This shows that for each f e V, there exists exactly one fo & V which 
satisfies 

fo-feK, {dfo,dv)H = 0, veK. (5.12) 

(They are clearly related by /q = / — Uf.) The second part of (5.12) states 
that —d^fo = in each subinterval of the partition so /o is affine on each 
subinterval. The first part of (5.12) determines the value of /o at each of the 
points of the partition, so it follows that /o is that function in V which is 
affine in the intervals of P and equals / at the points of P. This /o is the 
linear finite-element interpolant of /. 

To compute the error in this interpolation procedure, we first note that 

\dfo\% + mo-f)\i = \df\i 

follows from setting u = /o — / in (5.12). Thus we obtain the estimate 

mo-f)\H<\df\H. 

If 5 = /o — /, then from Theorem II.2.4 we have 

/ |5p dx < Aii{Pf j \dg\^ dx , 0<j<N, 
and summing these up gives 

\f-h\H<2^l{P)\^{h-f)\H. (5.13) 

This proves the first two estimates in the following. 

Theorem 5.5 For each f & V and partition P as above, the linear finite- 
element interpolant fo of f with respect to P is characterized by (5.12) and 
it satisfies 

\d{fo-f)\H<\df\H, (5.14) 

and 

\fo-f\H<2fi{P)\df\H . (5.15) 
// also f G H'^{G), then we have 

\d{k-f)\H<2iJi{P)\d-'f\H (5.16) 
|/o-/k <MP)'|5Vk- (5.17) 
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Proof: We need only to verify (5.16) and (5.17). Since (/ — fQ){xj) = for 
< j < iV + 1, we obtain for each / G H^{G) n V 

\dih -f)\l = Y. (-^'(/o - /))(/o -f)dx = {d'f, /o - f)H , 

and thereby the estimate 

\d{h-f)\l<\h-f\H\d''f\H . 

With (5.13) this gives (5.16) after dividing the factor |9(/o — f)\H- Finahy, 
(5.17) follows from (5.13) and (5.16). 

Corollary 5.6 For each h with < h < 1 let Ph be a partition of G with 
mesh fJ.{Ph) < h, and define Lh to be the space of all linear finite- element 
function in H^{G) corresponding to the partition Ph. Then C = {L^ : < 
h < 1} satisfies the approximation assumption (5.9) with k = 0. The degree 
of jC is 1. 

Finally we briefly consider the computations that are involved in imple- 
menting the Galerkin procedure (5.2) for one of the spaces above. Let 
Pfi = {xo, xi,... , xat+i} be the corresponding partition and define £j to be 
the unique function in Lh which satisfies 

^M) = [l 0<i,j<N + l. (5.18) 

For each / G H^{G), the interpolant /o is given by 

N+l 
j=0 

We use the basis (5.18) to write the problem in the form (5.5), and we must 
then invert the matrix {a{£i,£j)). Since a(-,-) consists of integrals over G 
of products of ii and ij and their derivatives, and since any such product 
is identically zero when \i — j\ > 2, it follows that the coefficient matrix is 
tridiagonal. It is also symmetric and positive-definite. There are efficient 
methods for inverting such matrices. 
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6 Approximation of Evolution Equations 

We present here the Faedo-Galerkin procedure for approximating the solu- 
tion of evohition equations of the types considered in Chapters IV, V and VI. 
As in the preceding section, the idea is to project a weak form of the problem 
onto a finite-dimensional subspace. We obtain thereby a system of ordinary 
differential equations whose solution approximates the solution of the orig- 
inal problem. In the applications to initial-boundary-value problems, this 
corresponds to a discretization of the space variable by a finite-element or 
spline approximation. We shall describe these semi-discrete approximation 
procedures, obtain estimates on the error that results from the approxima- 
tion, and give the convergence rates that result from standard finite-element 
or spline approximations in the space variable. This program is carried out 
for first-order evolution equations and also for second-order evolution equa- 
tions. 

6.1 

We first consider some first-order equations of the implicit type discussed 
in Section V.2. Let Ai be the Riesz map of the Hilbert space Vm with 
scalar-product (•, ■)m- Let 1^ be a Hilbert space dense and continuously 
imbedded in Vm and let £ G C{V,V'). For a given / € C{{0,oo),V^) 
and uo G Vm, we consider the problem of approximating a solution u G 

C{[0,Oo),Vm)nC\iO,Oo),Vm) of 

Mu'{t) + Cu{t) = fit) , t>0 , (6.1) 

with u{0) = uq. Since A4 is symmetric, such a solution satisfies 

Dt{uit),u{t))m + 2eiu{t), uit)) = 2f{t){uit)) , i > , (6.2) 

where £{■,■): V x V ^ M. is the bilinear form associated with C This gives 
the identity 

\\u{t)\\l^ + 2 [\{u{s),u{s))ds = ||uo||^ + 2 f{s){u{s))ds , t>0 , 
Jo Jo 

(6.3) 

involving the Vm norm || • \\m of the solution. Since the right side of (6.2) is 
bounded by -|-r-^||u||^ for any given T > 0, we obtain from (6.2) 

D,{e-'/^\\u{t)\t) + e-'/^2i{u{t),u{t)) < Te-'/^\\f{t)fy, 
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and from this follows the a-priori estimate 

ll«(*)llm+2 t £{u{s),u{s))ds < e\\uof+Te t \\f{s)\\l, ds , 0<t<T. 
Jo Jo 

(6.4) 

In the situations we consider below, £ is monotone, hence, (6.4) gives an 
upper bound on the Vm norm of the solution. 

In order to motivate the Faedo-Galerkin approximation, we note that a 
solution u of (6.1) satisfies 

{u'it), v)m + i{u{t),v) = f{t){v) , veV , t>0. (6.5) 

Since V is dense in Vm, (6.5) is actually equivalent to (6.1). Let S be 
a subspace of V. Then we consider the related problem of determining 
Us G C([0, oo), 5') n C^((0, oo), S) which satisfies 

{u'sit), v)m + i{us{t), v) = f{t){v) , veS ,t>0 (6.6) 

and an initial condition to be specified. 

Consider the case of S being a finite-dimensional subspace of V; let 
{vi,V2, . . . , Vm} be a basis for S. Then the solution of (6.6) is of the form 

m 

'^s{t) = ^Xi{t)Vi 
i=l 

where x{t) = {xi{t),X2it), . . . ,Xmit)) is in C([0, oo), K™) n Ci((0, cx)), R'"), 
and (6.6) is equivalent to the system of ordinary differential equations 

m m 

^ivi,Vj)mx'i{t) + ^i{vi,Vj)xi{t) = f{t){vj) , 1 <j <m . (6.7) 
1=1 i=l 

The linear system (6.7) has a unique solution x(t) with the initial condition 
x(0) determined by Us{0) = Xi{0)vi. (Note that the matrix coefficient 
of x'{t) in (6.7) is symmetric and positive-definite, hence, nonsingular.) As 
in the preceding section, it is helpful to choose the basis functions so that 
most of the coefficients in (6.7) are zero. Special efficient computational 
techniques are then available for the resulting sparse system. 
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6.2 

We now develop estimates on the error, u{t) —Us{t), in the situation of Theo- 
rem V.2.2. This covers the case of parabolic and pseudoparabolic equations. 
It will be shown that the error in the Faedo-Galerkin procedure for (6.1) is 
bounded by the error in the corresponding Rayleigh-Ritz-Galerkin procedure 
for the elliptic problem determined by the operator C. Thus, we consider 
for each t > the C-projection of u{t) defined by 

Ui{t) e S : £{ui{t),v) = £{u{t),v) , veS . (6.8) 

Theorem 6.1 Let the real Hilbert spaces V and Vm, operators M. and C, 
and data uq and f be given as in Theorem V.2.2, and let S he a closed 

subspace ofV . Then there exists a unique solution u o/(6.1) with u{Q) = uq 
and there exists a unique solution Us of (6.6) for any prescribed initial value 
Us{0) G S. Assume u G C{[0,oo),V) and choose Us{0) = U£{0), the jC- 
projection (6.8) ofu{0). Then we have the error estimate 

Mt)-Us{t)\\m<\\u{t)-Ue{t)\\m+ [' \\u' {s) - u'i{s)\\m ds , t>0. (6.9) 

Proof: The existence-uniqueness results are immediate from Theorem V.2.2, 
so we need only to verify (6.9). Note that u{0) = uq necessarily belongs to 
V, so (6.8) defines u^(0) = Us{0). For any v E S we obtain from (6.5) and 
(6.6) 

{u'{t) - U',{t),v)m + i{u{t) - Usit), V)=0, 

so (6.8) gives the identity 

{u'{t) - U'i{t),v)m = Kit) - U'i{t),v)m + i{Us{t) - Ut{t),v) . 

Setting V = Us{t) — Ui{t) and noting that jO is monotone, we obtain 

Dt\\Us{t) - < 2||n'(t) - u'i{t)\\m\\Us{t) - Ui{t)\\m • 

The function t i-> ||Ms(t) — Ui{t)\\m is absolutely continuous, hence differen- 
tiable almost everywhere, and satisfies 

Dt\\Us{t) - Ui{t)\\'^ = 2\\Us{t) - Ui{t)\\mDt\\Us{t) - Ui{t)\\m . 

Let Z = {t > : \\us{t) — Ui{t)\\m = 0}. Clearly, for any t ^ Z we have from 
above 

Dt\\Us{t) - Uiit)\\m < Wu'it) - U[{t)\\m • (6.10) 
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At an accumulation point of Z, the estimate (6.10) holds, since the left side 
is zero at such a point. Since Z has at most a countable number of isolated 
points, this shows that (6.10) holds at almost every t > 0. Integrating (6.10) 
gives the estimate 

\\Us{t) - Ui{t)\\m < [ \\u' (s) - u'i{s)\\m ds , t>0, 

Jo 

from which (6.9) follows by the triangle inequality. 

The fundamental estimate (6.9) shows that the error in the approxima- 
tion procedure is determined by the error in the £-projection (6.8) which is 
just the Rayleigh-Ritz-Galerkin procedure of Section 5. Specifically, when 
u G C^((0, oo), T^) we differentiate (6.8) with respect to t and deduce that 
u'^{t) G 5 is the /^-projection of u'{t). This regularity of the solution u holds 
in both parabolic and pseudoparabolic cases. 

We shall illustrate the use of the estimate (6.9) by applying it to a second 
order parabolic equation which is approximated by using a set of finite- 
element subspaces of degree one. Thus, suppose S = {Sh '■ h G H} is a 
collection of closed subspaces of the closed subspace V of (G) and S is of 
degree 1; cf. Section 5.3. Let the continuous bilinear form a(-, •) be F-elliptic 
and 0-regular; cf. Section III.6.4. Set H = L'^{G) = H', so M is the identity, 
let / = 0, and let £{■, •) = a(-, •). If u is the solution of (6.1) and Uh is the 
solution of (6.6) with S = Sh, then the differentiability in t > of these 
functions is given by Corollary IV. 6. 4 and their convergence at t = O"*" is 
given by Exercise IV. 7. 8. We assume the form adjoint to a(-, •) is 0-regular 
and obtain from (5.11) the estimates 

\\u{t) - Ueit)\\L2^G) < C2/l^P«(i)||L2(G) , 
\\u'{t) - u'^mL^G) < C2h''\\AMmLHG) , * > . 

The a-priori estimate obtained from (6.3) shows that |M(i)|i/ is non-increasing 
and it follows similarly that |^u(t)|ff is non-increasing for t > 0. Thus, if 
uq G D{A'^) we obtain from (6.9), and (6.11) the error estimate 

\Ht) - Mt)\\L^(G) <C2h'^{Uuo\\L2(G)+t\\A'^Uo\\LHG)} ■ (6-12) 

Although (6.12) gives the correct rate of convergence, it is far from optimal in 
the hypotheses assumed. For example, one can use estimates from Theorem 
IV.6.2 to play off the factors t and ||Au'(t)||if in the second term of (6.12) and 
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thereby relax the assumption uq G D^A^). Also, corresponding estimates can 
be obtained for the non-homogeneous equation and faster convergence rates 
can be obtained if approximating subspaces of higher degree are used. 

6.3 

We turn now to consider the approximation of second-order evolution equa- 
tions of the type discussed in Section VI. 2. Thus, we let A and C be the 

respective Riesz maps of the Hilbert spaces V and W, where V is dense 
and continuously embedded in W, hence, W' is identified with a subspace 
of v. Let B e jC{V, V), UQ€V,uieW and / G C((0, oo), W). We shall 
approximate the solution u G C([0, oo), F) nC^((0, oo), V)nC^{[0, oo),W)n 
C^{{0,oo),W) of 

Cu"{t) + Bu'{t) + Au{t) = f{t) , t>0 , (6.13) 

with the initial conditions u(0) = uq, u'{0) = ui. Equations of this form were 
solved in Section VI.2 by reduction to an equivalent first-order system of the 
form (6.1) on appropriate product spaces. We recall here the construction, 
since it will be used for the approximation procedure. Define Vjn = VxW 
with the scalar product 

{[xi,x2], [yi,y2]) = {xi,yi)v + {x2,y2)w , [xi,xi], [yi,yi] xW , 
so = V' X W'; the Riesz map MofVm onto is given by 

M{[xi,X2]) = [AX1,CX2] , [X1,X2] G Vm ■ 

Define Vi = V xV andCe C{Ve, V^) by 

£([xi,X2]) = [-Ax2.,Axi +8x2] , [xi.,X2] G V(, . 

Then Theorem VI.2.1 applies if B is monotone to give existence and unique- 
ness of a solution w G C^([0, 00), Vm) of 

Mw'{t) + jCw{t) = [0, f{t)] , t>0 (6.14) 

with w{0) = [uo,ui] and / G C^{[0,oo),W') given so that ^0,^1 G V with 
Auo + Bui G W. The solution is given by w{t) = [u{t),u' (t)], t > 0; 
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from the inclusion [u,u'] € C^{[0,oo),V x W) and (6.14) we obtain [u,u'] G 
C^{[0,oo),V X V). From (6.4) follows the a-priori estimate 



on a solution w(t) = [u(t),u'(t)] of (6.14). 

The Faedo-Galerkin approximation procedure for the second-order equa- 
tion is just the corresponding procedure for (6.14) as given in Section 6.1. 
Thus, if 5" is a finite-dimensional subspace of V, then we let Ws be the solu- 
tion in C^([0, oo), 5 X 5) of the equation 



{wi{t),v)m + iiwit),v) = [0,f{t)]{v) , v€SxS,t>0, (6.15) 



with an initial value Ws{0) £ S x S to be prescribed below. If we look at the 
components of Ws{t) we find from (6.15) that Ws{t) = [us{t) , u'g{t)] for t>0 
where Us € C^([0, oo), S) is the soluton of 



{u'Ut),v)w + Ku',{t),v) + {us{t),v)v = f{t){v) , veS ,t>0. (6.16) 



Here 6(-, •) denotes the bilinear form on V corresponding to B. As in Sec- 
tion 6.1, we can choose a basis for S and use it to write (6.16) as a system of 
m ordinary differential equations of second order. Of course this system is 
equivalent to a system of 2m equations of first order as given by (6.15), and 
this latter system may be the easier one in which to do the computation. 



Error estimates for the approximation of (6.13) by the related (6.16) will be 
obtained in a special case by applying Theorem 6.1 directly to the situation 
described in Section 6.3. Note that in the derivation of (6.9) we needed only 
that jC is monotone. Since B is monotone, the estimate (6.9) holds in the 
present situation. This gives an error bound in terms of the ^-projection 
W({t) e S X S of the solution w{t) of (6.14) as defined by 



+ h'it)\\w + 2 f Bu'{s){u'{s)) ds 




l^) + Te[ \\f{s)\\l,,ds , 0<i<r, 

JO 



6.4 



veSxS . 



(6.17) 



The bilinear form ^(•, •) is not coercive over so we might not expect wi{t) — 
w(t) to be small. However, in the special case of B = eA for some e > we 
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find that (6.17) is equivalent to a pair of similar identities in the component 
spaces. That is, if e{t) = w{t) — Wi(t) denotes the error in the ^-projection, 
and if e{t) = [ei{t),e2{t)], then (6.17) is equivalent to 

{ej{t),v)v = , veS,j = 1,2. (6.18) 

Thus, if we write Wi{t) = [ui{t),V£{t)], we see that Ui{t) is the ^-projection 
of u{t) on S and Vi{t) = u'^{t) is the projection of u'{t) on S. It follows from 
these remarks that we have 

\\u{t) - ut{t)\\v < inf{||^i(t) - v\\v -.veS} (6.19) 

and corresponding estimates on u'(t) — u'^{t) and u"{t) — u"{t). Our approx- 
imation results for (6.13) can be summarized as follows. 

Theorem 6.2 Let the Hilbert spaces V and W, operators A and C, and 
data uo, ui and f be given as in Theorem VI. 2.1. Suppose furthermore that 
B = eA for some e > and that S is a finite- dimensional subspace of V. 
Then there exists a unique solution u G C^{[0,(X)),V) fl C'^{[0,oo),W) of 
(6.13) with u(0) = uq and tt'(O) = ui; and there exists a unique solution 
Us G C^([0, c»), 5) o/(6.16) with initial data determined by 

(us(0) - Uq, v)v = {u'g{0) - ui,v)v = , V e S . 

We have the error estimate 

{\\u{t)-Us{t)fy + \\u'{t)-uUt)fw)'/' 

< {\\u{t) - ue{t)fy + \\u'{t) - u'Mlw)'^' (6-20) 

+ [\\\u'{s)-4{s)fy + \\U"{S)-U'l{s)fw)'^'ds , t>0 

Jo 

where u^{t) & S is the V -projection of u{t) defined by 

{ui{t),v)v = {u{t),v)v , veS. 

Thus (6.19) holds and provides a bound on (6.20). 

Finally we indicate how the estimate (6.20) is applied with finite-element 
or spline function spaces. Suppose S = {Sh '■ h G T-L} is a collection of finite- 
dimensional subspaces of the closed subspace V of (G) . Let A; -I- 1 be the 
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degree of S which satisfies the approximation assumption (5.9). The scalar- 
product on V is equivalent to the H^{G) scalar-product and we assume it 
is fc-regulax on V. For each h ^%\e\, Uh be the solution of (6.16) described 
above with S = Sh, and suppose that the solution u satisfies the regular- 
ity assumptions u,u' € L°°{[0,T], H''+'^{G)) and u" G L^{[0,T], H''+^{G)). 
Then there is a constant cq such that 

{\\u{t)-un{t)fy+\\u'{t)-u'f,miy^' 

< coh''+^ , hen , 0<t<T . (6.21) 

The preceding results apply to wave equations (cf. Section VI. 2.1), vis- 
coelasticity equations such as VI.(2.9), and Sobolev equations (cf. Section 
VI.3). 

Exercises 

1.1. Show that a solution of the Neumann problem — A^tt = F inG, du/dv = 
on dG is a M G H^{G) at which the functional (1.3) attains its mini- 
mum value. 

2.1. Show that F : K —?■ R is weakly lower-semi-continuous at each x e K 

if and only if {x G ^ : F(x) < a} is weakly closed for every a G M. 

2.2. In the proof of Theorem 2.3, show that (p'{t) = F'{y + t{x - y)){x - y). 

2.3. In the proof of Theorem 2.7, verify that M is closed and convex. 

2.4. Prove Theorem 2.9. 

2.5. Let F be G-differentiable on K. If F' is strictly monotone, prove directly 

that (2.5) has at most one solution. 

2.6. Let G be bounded and open in and let F : G x R — )• M satisfy the 

following: F{-,u) is measurable for each it G K, F{x,-) is absolutely 
continuous for almost every x € G, and the estimates 

\F{x,u)\ <a{x) + b\u\'^ , \duF{x,u)\ < c{x) +b\u\ 

hold for all « G K and a.e. x e G, where a(-) G L^{G) and c(-) G L'^{G). 
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(a) Define E{u) = Jq F{x,u{x)) dx, u G Li^iG), and show 

E'{u){v) = [ duF{x,u{x))v{x)dx , u,v e L^{G) . 

JG 

(b) Show E' is monotone if duF(x, •) is non-decreasing for a.e. x G G. 

(c) Show E' is coercive if for some k > and co(-) G L'^{G) we have 

duF{x^u) ■ u > k\u^ — cq{x)\u\ , 

for u G K and a.e. x e G. 

(d) State and prove some existence theorems and uniqueness theorems 

for boundary value problems containing the semi-linear equation 

-AnU + f{x, u{x)) = . 

Let G be bounded and open in M". Suppose the function F : G x 

]^n+i _^ satisfies the following: F{-,u) is measurable for u G R""*"^, 
F{x, •) : ^ M is (continuously) differentiable for a.e. x G G, and 
the estimates 

n n 

\F{x,u)\ < a{x) + b'^\uj\'^ , \dkF{x,u)\<c{x) + b'^\uj\ 

j=0 j=0 

as above for every k, < k < n, where dk = 

(a) Define E{u) = Jq F{x,u{x),'Vu{x)) dx, u G H^{G), and show 

» n 

E'{u){v) = / J2djF{x,u,Vu)djv{x)dx , u,v e H\G) . 

(b) Show E' is monotone if 

n 

^(5j-F(x,Uo,Ui,...,U„) - djF{x,VQ,Vi, . . . ,Vn))(Uj -Vj) > 
j=0 

for all «, t) G and a.e. x e G. 

(c) Show E' is coercive if for some A; > and co(-) G L'^{G) 

n n n 

djF{x, u)uj >kJ2 1% P - co{x) J2 I 

j=0 j=0 j=0 

for u G and a.e. x G K". 
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(d) State and prove an existence theorem and a uniqueness theorem 
for a boundary value problem containing the nonlinear equation 

n 

^djFj{x,u,Vu) = f{x) . 

j=0 

3.1. Prove directly that (3.4) has at most one solution when a(-, •) is (strictly) 

positive. 

3.2. Give an example of a stretched membrane (or string) problem described 

in the form (3.6). Specifically, what does g represent in this applica- 
tion? 

4.1. Show the following optimal control problem is described by the abstract 

setting of Section 4.1: find an admissible control u € J7ad C L'^{G) 
which minimizes the function 

J{u) = / \y{u) — dx + c \u\^ dx 
Jg Jg 

subject to the state equations 

-Any = F + u in G , 

y = on dG . 

Specifically, identify all the spaces and operators in the abstract for- 
mulation. 

4.2. Give sufficient conditions on the data above for existence of an optimal 

control. Write out the optimality system (4.10) for cases analogous to 
Sections 4.5 and 4.6. 

5.1. Write out the special cases of Theorems 5.1 and 5.2 as they apply to 
the boundary value problem 

—d{p{x)du{x)) + q{x)u{x) = f{x) , < x < 1 , 
u{0) = tt(l) = . 

Give the algebraic problem (5.5) and error estimates that occur when 
the piecewise-linear functions of Section 5.4 are used. 
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5.2. Repeat the above for the boundary value problem 

—d{p{x)du{x)) + q{x)u{x) = f{x) , 

n'(0) = u'{l) = . 
(Note that the set K and subspaces are not exactly as above.) 

5.3. We describe an Hermite interpolation by piecewise-cubics. Let the in- 

terval G and partition P be given as in Section 5.4. Let V < H^{G) 
and define 

K = {veV : v{xj) = v'{xj) = 0, < j < N + 1} . 

(a) Let f eV and define F{v) = {^)\d'^{v - /)|l2(g). Show there is a 

unique Uf e K : {d'^{uf — f)-,d'^v)i2(Q^ = 0, v E K. 

(b) Show there exists a unique /o G H^{G) for which /o is a cubic 

polynomial on each [x^, Xj+i], fo{xj) = f{xj) and fo{xj) = f'{xj) 
for j = 0,1,...,N + 1. 

(c) Construct a corresponding family of subspaces as in Theorem 5.4 

and show it is of degree 3. 

(d) Repeat exercise 5.1 using this family of approximating subspaces. 

5.4. Repeat exercise 5.3 but with V = Hq{G) and 

K = {v eV : v{xj) = 0, 0<j<iV + l}. 

Show that the corresponding Spline interpolant is a piecewise-cubic, 
foixj) = fix,) for < J < AT + 1, and /o is in C^G). 

6.1. Describe the results of Sections 6.1 and 6.2 as they apply to the problem 

' dtu{x,t) - dx{p{x)dxu{x,t)) = F{x,t) , 

< u{Q,t) = u{l,t) = , 

, u{x, 0) = uo{x) . 
Use the piecewise-linear approximating subspaces of Section 5.4. 

6.2. Describe the results of Sections 6.3 and 6.4 as they apply to the problem 

' d'iu{x,t) - da:ipix)dxu{x,t)) = F{x,t) , 

< u{0,t) =u{l,t) = , 

, u{x,0) = uo{x) , dtu{x,Q) = ui{x) . 
Use the subspaces of Section 5.4. 



Chapter VIII 

Suggested Readings 



Chapter I 

This material is covered in almost every text on functional analysis. We 
mention specifically references [22], [25], [47]. 

Chapter II 

Our definition of distribution in Section 1 is inadequate for many pur- 
poses. For the standard results see any one of [8], [24], [25]. For additional 
information on Sobolev spaces we refer to [1], [3], [19], [33], [36]. 

Chapter III 

Linear elliptic boundary value problems are discussed in the references 
[2], [3], [19], [33], [35], [36] by methods closely related to ours. See [22], [24], 
[43], [47] for other approaches. For basic work on nonlinear problems we 
refer to [5], [8], [32], [41]. 

Chapter IV 

We have only touched on the theory of semigroups; see [6], [19], [21], 
[23], [27], [47] for additional material. Refer to [8], [19], [28], [30] for hyper- 
bolic problems and [8], [26], [29], [35] for hyperbolic systems. Corresponding 
results for nonlinear problems are given in [4], [5], [8], [32], [34], [41], [47]. 
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Chapter V and VI 

The standard reference for imphcit evolution equations is [9]. Also see 
[30] and [32], [41] for related linear and nonlinear results, respectively. 

Chapter VII 

For extensions and applications of the basic material of Section 2 see [8] , 
[10], [17], [39], [45]. Applications and theory of variational inequalities are 
presented in [16], [18], [32]; their numerical approximation is given in [20]. 
See [31] for additional topics in optimal control. The theory of approximation 
of partial differential equations is given in references [3], [11], [37], [40], [42]; 
also see [10], [14]. 

Additional Topics 

We have painfully rejected the temptation to pursue many interesting 
topics; each of them deserves attention. A few of these topics are improperly 
posed problems [7], [38], function-theoretic methods [12], bifurcation [15], 
fundamental solutions [24], [43], scattering theory [29], the transposition 
method [33], non-autonomous evolution equations [5], [8], [9], [19], [27], [30], 
[34], [47], and singular problems [9]. 

Classical treatments of partial differential equations of elliptic and hyper- 
bolic type are given in the treatise [13] and the canonical parabolic equation 
is discussed in [46]. These topics are similarly presented in [44] together with 
derivations of many initial and boundary value problems and their applica- 
tions. 
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